COMPACT QUANTUM ERGODIC SYSTEMS 



REIJI TOMATSU 



Abstract. We develop theory of multiplicity maps for compact quantum 
groups, as an application, we obtain a complete classification of right coideal 
C*-algebras of C(SU q (2)) for q € [-1, 1] \ {0}. They are labeled with Dynkin 
diagrams, but classification results for positive and negative cases of q are 
different. Many of the coideals are quantum spheres or quotient spaces by 
quantum subgroups, but we do have other ones in our classification list. 



I. Introduction 

The aim of this paper is studying compact quantum ergodic systems and classi- 
fying right coideals of C(SU q (2)) for q G [—1, 1] \ {0}. Compact quantum groups 
have been introduced by S. L. Woronowicz Wo2 j. They are considered as the 
continuous function algebra on a non commutative space of a compact quantum 
group. The continuous function algebra on a compact quantum group is denoted 
by C{G) and we have the coproduct 5 : C{G) — > C{G) <8> C{G). In this pa- 
per, a quantum group discovered by V. G. Drinfel'd and M. Jimbo is called a 
quantum universal enveloping algebra because it is considered as a deformation 
of the universal enveloping algebra of a Lie algebra jDj, PJ. A C*-subalgebra 
A G C (G) is called a right coideal C*-algebra or often simply a right coideal if it 
is invariant by the right action of G, that is, we have 6(A) C A <g> C(G). Let A 
be a unital C*-algebra and G be a compact quantum group. A triple {A, G, a} 
is a compact quantum covariant system if a unital faithful *-homomorphism 
a : A — > A <g> C(G) satisfies (id (8)5) o a = (a (g) id) o a. Moreover if it satisfies 
A a := {a G A | a{a) = a®l} = CI a, then it is called a compact quantum ergodic 
system. When we consider the classical compact group case, the invariant state 
on a C*-algebra A must be a faithful tracial state and multiplicities of irreducible 
representations are bounded by dimensions of their representation spaces [H-L-Sj. 
However in the quantum case the invariant state has no longer tracial property 
and the multiplicities are bounded by quantum dimensions which are larger than 
or equal to usual dimensions. Keeping in mind these phenomena, one shall notice 
there are rather differences between classical compact group case and compact 
quantum group case. It is still a fascinating problem to construct an example 
of a compact quantum ergodic system which has a multiplicity of an irreducible 
representation strictly larger than its dimension. In [Wajp , he has developed the 
theory of multiplicity maps and it has worked very well in the classification pro- 
gram of ergodic systems of SU{2) \ Wa2j . Since multiplicity maps are defined via 
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equivariant i^-theory, one easily has its quantum version by using the work due 
to, for example, |BSH IB) IV]. The most nontrivial important problem is whether 
there exists a common eigenvector of multiplicity maps or not. In compact group 
case its existence is guaranteed by the tracial invariant state. For that problem 
we show that such a vector exists if A has a (not necessarily faithful) tracial state 
and G = SU q {2) in Theorem 14.101 If we consider a right coideal A C C(G), 
then we get a compact quantum ergodic system {A, 5, C(G)}. Fortunately we 
can show there always exists a desired common eigenvector in Theorem 14.211 in 
this case. With this result we can proceed to the classification of right coideals 
of C(SU q (2)). In the classical case we know the continuous function algebra on 
the homogeneous space H \ G by a closed subgroup H C G gives a right coideal 
and its converse holds via the Gelfand-Naimark theorem on abelian C*-algebras. 
However in the quantum case, such correspondence does not hold in general. For 
example, in |Polj he has constructed one-parameter family of, so called, quantum 
spheres C(S^ X ) which are right coideals and most of them are not obtained by 
taking quotient by subgroups. Therefore it is interesting to investigate the other 
non-quotient type right coideals. The aim of the latter half of this paper is giving 
the complete classification of right coideals of C(SU q (2)). Most important infor- 
mation of a right coideal is its spectral pattern, that is, multiplicities of irreducible 
representations. We will see this information is remembered by equivariant K- 
theory and we classify right coideals into the several types by connected graphs 
of norm 2 as is used in the classification of ergodic systems of SU(2). They are 
labeled by closed subgroups of 377(2) or S77_i(2) as McKay diagrams with re- 
spect to the fundamental two-dimensional representation. When we work on the 
negative q case, it is needed to treat the graphs with a single loop at a vertex. 
Then we carry out case-by-case study of them. In that procedure one has to be 
careful of the essential effect of |g| ^ 1. In fact, right coideals of some types such 
as the regular polyhedrons do not appear in those case. We state the main result 
on this classification. 

(1) The case < q < 1: A right coideal must be one of type 1, SU(2), T n , T 
and D^. When it is of type T, then it is one of series of the quantum spheres. 
Otherwise it is uniquely determined by the type. 

(2) The case — 1 < q < 0: A right coideal must be one of type 1, SU(2), T n , T, 
D*^ and D\. When it is of type T, then it is one of series of the quantum spheres. 
Otherwise it is uniquely determined by the type. 

(3) The case q = —1: If a right coideal A is not of type T n (odd n > 3) or 
D n (odd n > 1), there exists a closed subgroup H in SO_i(3) such that A is 
C(H\ SO-i(3)). If a right coideal A is of type T n (odd n > 3), A is conjugated 
to C(T n \ S77_i(2)) or C*(r]?,fj%). If a right coideal A is of type D u then A is 
conjugated to C{D\ \ SU-\{2)). If a right coideal A is of type D n (odd n > 3), 
A is conjugated to C(D n \ S77_i(2)) or C*(rj2 ). Here conjugation is given by the 
left action (3% of the maximal torus for some zGl 
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In each of the above cases, uniqueness means conjugation by the left action 
of the maximal torus T. We find right coideals which are of type D*^ in the 
case < q < 1, of type D*^ and D\ in the case — 1 < q < and C*(r]2 , rj?), 
C*(i]2) in the case q = — 1. They are not the quantum spheres nor the quotient 
spaces. In the case q = —1, a right coideal which is not of type T n (odd n > 3) 
is 5't/_i(2)-isomorphic to each other in the same type, however, C(T n \ SU-i(2)) 
is not S£/_i(2)-isomorphic to C*(r)z , rj z). 

We briefly explain the contents of study of each section. In section 2 we collect 
required facts on compact quantum groups and their actions. In section 3 we 
study general compact quantum ergodic systems, especially hom-spaces of them. 
In section 4 we consider quantum version of the theory of multiplicity maps. In 
section 5 we give a summary for representation theory of SU q (2). In sections 6, 7 
and 8 we carry out classification of right coideals of C(SU q {2)) for < q < 1, 
— 1 < q < and q — — 1, respectively. In Appendix we list all the connected 
graphs of norm 2. If one has only interest in classification of right coideals, he or 
she can skip results in sections 1, 2, 3 and 4 except for Corollary 14.211 

Acknowledgements. The author is grateful to Yasuyuki Kawahigashi, 
Shigeru Yamagami and Junichi Shiraishi for permanent encouragement and fruit- 
ful discussions. This work was partially supported by Research Fellowship for 
Young Scientists of the Japan Society for the Promotion of Science. 

2. Preliminaries 

We collect basic notions on compact quantum groups and their actions. Our 
standard references are |Wo2j for theory of compact quantum groups and |BS2 
for their actions. In this paper we only treat minimal tensor products for C*- 
algebras and use the notation simply ®. Although it is not essential, separability 
of compact quantum groups is always assumed. 

Definition 2.1. |Wo2l p. 853] Let A be a unital C*-algebra and 5 : A — > A <g> A 
be a *-homomorphism. If they satisfy the following conditions, the pair (A, 5) is 
called a compact quantum group. 

(1) The map S satisfies coassociativity condition: 

(5 <g> id^) oS = (id A ®6) o 5. 

(2) The vector spaces S(A) (C <g> A) and S(A) (A <g> C) are dense in A <g> A. 

Let (A, 5) be a compact quantum group. Then there exists the unique state h 
which satisfies the following invariance condition: 

(h ® idyi) S(a) = (idyi ®h) o 5(a) = h(a)lA, for all a e A. 

This state is called the Haar state. We always consider a compact quantum 
group whose Haar state is faithful. A compact quantum group (A, 5) is often 
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regarded as the continuous function algebra on a non- commutative space G and 
we write G = (A, 5) and A = C(G). 

Let H be a Hilbert space and v be a unitary in M(K.(H) g) A). A unitary v is 
called a unitary representation of G if it satisfies the following equality: 

(idjj = v 12 v 13 . 

Let {fj}j e / be a family of unitary representations on Hilbert spaces {H v .} ieI , 
respectively. The direct sum representation Hie/" 17 * * s defined as the direct 
sum of unitary operators via the natural inclusion JT^ j M(K(H V .) ® C(G)) C 
M(K.(@ ieI H v ) (g> C((r)). Let f,w be unitary representations on Hilbert spaces 
H V ,H W respectively. The tensor product representation v®w is defined as a 
unitary operator V13W23 which is an element of M(K(H V ® H w ) ® C(G)). An 
operator T in M(H V , H w ) is called an intertwiner of u and w if it satisfies 
(T eg) l)i> = io (T (g) 1). The set of intertwiners between v and if is written as 
Hom(t> , w) and it is called a hom-space. For one unitary representation t> its 
hom-space Hom(?), becomes a C*-subalgebra of B(ily). If the space is trivial 
(that is, Hom(f,f) = Cl#J, we say that the unitary representation v is irre- 
ducible. Let v be a unitary representation of a compact quantum group G and 
f is a direct sum of finite dimensional irreducible representations ( |Wo2t p.864]). 
In particular any irreducible unitary representation is finite dimensional. 

In the set of all irreducible unitary representations of G, we define unitary 
equivalence relation naturally and denote its quotient set by G. We can select one 
unitary representation w(tt) E M(H n ) <g> C{G) for each equivalence class 7r G G. 
Let {^i}ie/ w be an orthonormal basis for H^. We can identify w(it) with the 
matrix {w(7i)ij}ij(zi w where w(Tt)ij are elements of C{G). From the definition of 
unitary representation we obtain the following equality: 

S(w(ir)ij) = ^ w ( n )i,k ® w(n) k:j , for all i,j E I n . 

Let us define the smooth function algebra A(G) = span{to(7r)jj | i, j E I n , n E 
G}. It is in fact a unital *-subalgebra dense in C{G) and the set {w(ir)ij \ i,j E 
1^, it E G} is a linear basis for A(G). Introducing the maps e : A(G) — > C and 
re : A(G) — > A(G) by 

for each n E G and i,j E I n gives the algebra A(G) a Hopf*-algebra structure: 

(1) The map 5 : A(G) — > A{G) ® A{G) satisfies coassociativity: 

(5 <g> id) o 5 = (id (8)5) o 5. 

(2) The map (called the counit) e : A(G) — > C is a unital *-homomorphism 
and satisfies 

(e ® id) o 6 = (id <g>e) o 5 = id . 
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(3) The map (called the antipode) k : A(G) — > A(G) is a linear anti- 
multiplicative map and satisfies 

m(K <S> id) o 5 = m(id <S>k) o 5 = e 

and 

k(k(o*)*) = a for all a G A(G). 

Let A(G)* be an algebraic dual space of A(G). For a G A(G) and Q,u\,u)2 £ 
A(G)*, we define their convolution products and involution: 

6*a = (id (8)0) (5(a)), 

a*0 = (0(8) id) (5(a)), 

a;i * cj 2 = {uj\ <S> UJ2) 5, 

6* (a) = 6(K(a)*). 

With these operations the dual space A(G)* becomes a unital *-algebra (its unit 
is the counit) and acts on A(G) from the left and right. On the smooth function 
algebra A(G) there exists a unique family of characters {/^gcwhich are called 
Woronowicz characters with following properties: 

(1) f z (l) = 1 for all z G C. 

(2) For any element a G A(G), the mapping z G C 1— > f z (a) G C is an entire 
holomorphic function. 

(3) f Zl * f Z2 = f Zl+Z2 for all z u z 2 G C. 

(4) /„ = e. 

(5) / e (/c(a)) = /_ z (o) for all z G C, a G 

(6) / z (a*) = /~(a) for all 2 G C, a G 

We can define one-parameter automorphism groups {of } t6 K and {rt}t 6 R and 
*-anti-multiplicative linear map R by 

of(a) = / it * a * /i t for all a G 
r t (a) = /_it *a* fu for all a G A(G), 
#(a) = /1 * «(a;) * f_i for all a G A(G). 

They are called the modular automorphism group, the scaling automorphism 
group and the unitary antipode respectively. They are norm continuously extend- 
able to the continuous function algebra C(G). The Haar state h is a o^-KMS 
state: for any a, b G A(G), we have 

h(ab) = h(a?(b)a). 

Relations of these maps are as follows. 

a h s o r t = r t o a h s for all s, t G R, 

Roa h s = a h s oR, Ror t = T t oR, 

k = R o = r_i o i?. 

2 2 
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Let v be a unitary representation on a finite dimensional Hilbert space H v 
and j v : H v — > H v be a conjugate unitary map where H v is the conjugate 
Hilbert space. The transpose map t v : M(H V ) — > M(H V ) is defined by t v (x) = 
j v x*j~ 1 . We define the contragradient representation (which is not necessarily a 
unitary representation) v c and the conjugate unitary representation v of a finite 
dimensional unitary representation v by 

v c = (t v <g> k)(v), v = (t v ® R)(v). 

The F-matrix of a finite dimensional unitary representation v G B(if„) ®C(G) 
is defined by 

F v = (id<S>fi)(v) EM(H V ). 

This matrix is strictly positive definite. It is known that = (id(g)/ z )(i>) for 
any 2; G C and Tr(F„) = Ty(F^ 1 ). For a unitary irreducible representation 
v, its second contragradient (not necessarily unitary) representation v cc is also 
irreducible and equivalent to v. In fact we have Hom(t>,t> cc ) = CF V . The value 
Tr(F v ) is called the quantum dimension and denoted by D v . Since we have 
Fv = tv{F^ l )i the quantum dimension of v is equal to that of v. We write d v for 
the usual dimension of the vector space H v . The quantum dimension is larger 
than or equal to the usual dimension. When we fix a selection of {w(7r)} 7re g, we 
write H n , F n , D w and d w for H w ^, F w ^, D w ^ and d w ( n ), respectively. 

Using F-matrices, we have the following equalities about the Haar state: 

h(w{n) itj w{p)* ;S ) = D-^FjsjS^pSi, 

h(wWijw(p) r , a ) = D~ 1 (F~ 1 ) r ^ i 5 nj p5j jS 

for any tt, p G G, i,j G I w and r, s G I p . 

For the tensor product H <S> K of two Hilbert spaces H and X, we define its 
conjugate unitary map by j h ®k ■ H ® K — > K ® H,j H ® K (£ ® 77) = j K V®_3HC 
Then for two finite dimensional unitary representation t> and iy, we obtain v®w = 

w<S>v. 

Let L 2 (G) be the GNS-representation space of C{G) associated to the Haar 
state h. Its cyclic vector is denoted by 1^. We define the modular conjugation J 
and J by 

Jxi h =<r h i (x)*i h , 
2 

Jxi h =R(x)*i h 

where x is an element of A(G). We also define a unitary U = J J = J J. When 
we consider L°°(G) which is the a- weak closure of C(G) in M(L 2 (G)), it becomes 
a von Neumann algebraic compact quantum group. Precisely speaking, the co- 
product 5 and the Haar state h extend to L°°(G) as a normal *-homomorphism 
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and the invariant faithful normal state respectively. By the invariance of h, we 
define the following two unitaries on L 2 (G) <g> L 2 (G): for all x,y E C(G), 

V e *(xi h <8> yl h ) = 5(y)(xl h <8> l h ) , 

V(xl h <g> yl h ) = 6(x)(i h ®yi h ). 

They satisfy the following pentagonal equality and therefore are called multiplica- 
tive unitaries: 

V12V13V23 = V23^12 • 

We also use other unitaries: 

V =E(1®U)V(1® £/)E, 
W = (U <g> l)V{U <g> 1) , 

where E : L 2 (G) <g> L 2 (G) — > L 2 (G) <g> L 2 (G) is a flipping unitary f <g> 77 
i] ® ^. The unitary V satisfies the above pentagonal equality and satisfies 
W23W13W12 = W 12 W 23 . It is easy to see V t = S(J <g> J)y*(J <g> J)E = (1 <g> 
U)EVE(1 <g> C/). We define a left G-action on ^ by £f ^ ^. 6 ^ w(7r) i>3 - <8> £J 
and denote it by H^. Let 6,,- be a unitary map if^ ® — > L 2 {G) defined 
by Q-jri^i <E> £j) = ^/D 7T (F 7r )i ii w(7r)ij. It intertwines the left and right G-actions. 
Then we have the Peter- Weyl decomposition : ®^qH^ <g> H n — > L 2 (G) with 
= (B^qQ-k- The left, right reduced group C* -algebras are defined by 

C* e (G) = span{(cj <g> id)(V«) | to G 1(L 2 (G))*} , 

C;{G) = span{(id®cu)(V) | G 1(L 2 (G))J , 
where the closure is taken with respect to the operator norm of B(L 2 (G)). Note 
that G*(G) is contained in the commutant algebra of G|(G) = JC*(G)J. There 
is a distinguished projection p = (id ®h)(V) in G*(G). It is also included in 
G|(G) and hence it is a central projection of C*(G). Moreover it is a mini- 
mal projection of IK(L 2 (G)), in fact, we have poL 2 (G) = Clh- We now have a 
map p : B(L 2 (G))* — > C*(G) by p{uj) = (id ®u)(V). Let us define a normal 
functional 0(ir) id (x) = Dj(F n )j±h(xw(ir)?j) for x G 1(L 2 (G)). Then the linear 

space span{p(#(7r)j j) \ i,j G 1^,^ G G} is dense in G*(G) and moreover we have 
p{6{ii)ij)p{6(a) p ^) = o~-K^j,pP{9{K)i A ) . Hence we obtain a *-isomorphism: 

C^^QEnd^) 

defined by p(9(n)ij) \— > E 1 ^- which is a matrix unit. With this identification, the 
action of Efj on L 2 {G) is given by 

Using this fact and the Peter- Weyl decomposition, we see that the G*-algebras 
G|(G) and G*(G) act on the first and the second tensor components of the 
Hilbert space Q) w& qHI <g> H n respectively. This is just the differential representa- 
tion of B(L 2 (G))* C A(G)* . Notice that is an operator of rank n and hence 
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Cg(G) and C*(G) are contained in K(L 2 (G)). The projection *-homomorphism 
C;(G) — ► End{H n ) is denoted by pr n . 

The dual coproduct is defined by 5 : C* r (G) — ► M(C* r (G) <g> C;(G)) by 

= V*{1 <g> x)y for all a: G C;(G) 

and it follows that linear subspaces 5{C* r {G)){C® C* r {G)) and 5{C* r {G)){C;{G) <g> 
C) are dense in C* r {G) <g> C*{G). On Q(G), we define S e (x) = ZV e *(x ® l)VgE. 

Let -R(G) be a Z-module ©„. gG Z7r. For two 7r, cr G G, we define their 
product via irreducible decomposition of the tensor product representation 
w(7r)<S>w(a). More precisely, let N^ u be the dimension of the hom-space 
Hom(ti)(T), w(7r)<S>w(a)), which does not depend on the choice of representatives 
of {w(7r)} 7rgG . Then we have 

7T • O" = J^^^- 



The module R(G) has an involution, that is, W is an equivalence class of w(tt), 
which also does not depend on the choice of representatives of {w(Tr)} ne Q. By 
these operations, R(G) has an involutive Z-ring structure and it is called the 
representation ring of G. We define the positive cone R(G) + = ©^gZ^ovr. 

Since a hom-space Hom(ty(r), w(ir)<g)w(cr)) is naturally isomorphic to a hom- 
space Hom(w(-7r), w(r)<S>w(a)) or Hom(w(a), w(tt)<S>w(t)), we have symmetry of 

ATira _ attct _ t\twt 

V IT (7 

From now on, we use the letter A not for a continuous function algebra on 
a quantum group but for an arbitrary C*-algebra. We give a brief summary of 
compact quantum group actions. The following definition is standard. 

Definition 2.2. Let A be a (not necessarily unital) C*-algebra and (C(G),5) be 
a compact quantum group and a : A — ► A <g> C(G) be a *-homomorphism. The 
triple {A, G, a} is called compact quantum covariant system (or simply covariant 
system) if the following statements hold: 

(1) The map a is injective and satisfies (a ® id) o a = (id (8)5) o a. 

(2) The vector space a(A)(C <g> C(G)) is dense in A <g> C(G). 



If we consider a compact quantum covariant system {A, G, a} where A is uni- 
tal, we always assume that a is a unital *-homomorphism. Let {A, G, a} be a 
compact quantum covariant system. We can select representatives {w(7r)} 7rgG of 

G whose F-matrices are diagonal and fix them in this section. We give comod- 
ule structure r„- : H n — > ® A{G) to a representation space by fixing 
an orthonormal basis {C] r }je/ 7r : r ?r (^J) = J2 k£ljr H <S> w(7r)kj for any j G I w . For 

n E G, define the functional 9 W on C(G) by 9 7r (x) = D n h(x{^2 lil - I {F~ l ) iti w(ix) it i)) 
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for any x G C(G). As in the case of a compact group Theorem 2], A is com- 
pletely decomposable. Define the linear map P^ = (id £56^) o a on A. From 
simple calculations, we have P n P p = S ntP P n . Put A n for the range space of the 
projection P^. Then the linear subspace A = 7rG g is norm dense in A. Let 
Hom G (i/ 7r , A) be a set of intertwiners, that is, Hom G (if 7r , A) 3 S if and only if 
ao S = (S<$ id) o IV. Then we have A n = spanjS^ | £ G H n , S G Hom G (if 7r , A)}. 
The dimension of Hom G (i/ 7r , A) is called the multiplicity of 7r. Especially for the 
trivial representation 7To, the closed linear subspace A no coincides with the fixed 
point algebra A a = | a(x) — x ® 1}. Let m(7i~) be the multiplicity of 7r. 

We often use a formal symbol © 7rgG m(7r)7r which is called the spectral pattern of 
{A, G, a} (or simply A). 

Next we recall the notion of the crossed product. Let {A, G, a} be a covariant 
system. Consider the Hilbert A-module A <S> L 2 (G). In a G*-algebra ~K(A ® 
L 2 (G)) — A ® K(L 2 (G)) define the crossed product G*-algebra: 

Ax Q G = a(A)(C®G r *(G)), 

where the closure of linear space is taken with respect to the operator norm. It 
is also characterized as a fixed point algebra of {A ® K(L 2 (G)), G, a}: A x a G = 
(A®K(L 2 (G))) 5 , where a{a®k) = W 23 a(a)(l ® Jfe <g> 1)W| 3 for all a G A and fc G 
K(L 2 (G)). Note that a(A), G r *(G) are G*-subalgebras of M(A x a G) naturally. 
When we consider A = C(G) and a = 5, we have a natural isomorphism: 

G(G) x 5 G — >K(L 2 (G)) 

defined by 5 (x)(l®y) h-> xy. The dual coaction a : Ax a G — > M(Ax Q G®G*(G)) 
is defined by 

d(x) = V 23 (X <g> l)V 2 * 

which satisfies the density condition that a linear space a(A x a G)(C ® G*(G)) 
is dense in A x a G (g> G*(G). We define a *-homomorphism : A x Q G — > 
Ax a G® End(if 7r ) by the composition (idt^pr^) o a. Now we introduce the 
famous duality theorem. Let {A, G, a} be a covariant system. We consider the 
*-homomorphism a° = (id <g> Ad U) o d : A x Q G — > M(A x Q G G|(G)). It 
satisfies (id <S>Si ) o d° = (d° <g> id) o d°, that is, a° is a coaction of the opposite 
discrete quantum group G|(G). Define the crossed product A x a G x fio (G) /op 
by the norm closure of the linear space d°(A x Q G)(C <E> C <E> G(G)). Its dual 

action a° is given by d°(x) = Vu(x ® 1)V^. The duality theorem says there 
exists an isomorphism between A x Q G x a o (G) /op and A ® K(L 2 (G)) such that 
a°(a(a)(l ® x))(l ® 1 <8> y) is mapped to cc(a)(l ® x)(l (g> Z7j/Z7) for all a <E A, 

x G G*(G) and y G G(G). This isomorphism conjugates a° and 5. 

Let G = (G(G),5 G ) and if = (C(H),Sh) be compact quantum groups. We 
say H is a quantum subgroup (or sometimes simply called a subgroup) if there 
exists a surjective *-homomorphism r : G(G) — ► C(H) such that r satisfies 
S H or = (r®r) o5 G . This surjection is often called the restriction homomorphism. 
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In general a choice of r is not unique. The (left) quotient space is defined by 

C{H \G) = {xe C{G) | (r ® id) o <5 G (x) = 1 <g> x} . 

Actually it depends on r and we shall denote it by H C(G), however, we abuse 
the notation of H \ G. We have to be careful of r when we consider a quotient 
space. 



3. Ergodic systems 

If a compact quantum covariant system {A, G, a} with a unital C*-algebra A 
satisfies A a = CI, then we call it a compact quantum ergodic system (or simply an 
ergodic system). We investigate the ergodic system in this section. The faithful 
conditional expectation ip = (id <S)h) o a onto A a = CI is the unique invariant 
state in this case, where invariance means: (</?® id)(a(x)) = p{x)l for any x G A. 
Note that p is a trace if G is a compact group |H-L-St Theorem 4.1]. In (HI 
Theorem 17], it has been proved that the dimension of A n is less than or equal 
to D\ for any ir G G. We will make a sharper estimate of these dimensions. In 
order to do this, we have to explain the existence of the modular automorphism 
group with respect to the state ip. By jBj Proposition 18], there exists the unital 
multiplicative linear map : A — > A such that p(ab) = ip(Q(b)a) for any 
a,b G A. Let M be the von Neumann algebra ■n {p {A)" associated to the state p> 
via GNS-representation {H^, tt v , £ v } and the extension of p to M is also denoted 
by ip. We often identify A with n v (A). Let p G M be a projection with <p(p) = 0. 
Then for any a G A we have p(a*pa) = <p(Q(a)a*p). This is in fact equal to by 
the Cauchy-Schwarz inequality. From this we see pA^ = and p = 0, because 
the linear subspace A£, v is dense in H v . Hence ip is a faithful normal state on M 
and there exists the modular automorphism group {cr ip }teR on M. Since p is an 
invariant state on A for the action of G, the action a extends to the action on 
M. An action of a compact quantum group on a von Neumann algebra is defined 
similarly to the case of a C*-algebra by using the <r-weak topology. Note the 
following useful equality about the modular automorphism group and the scaling 
automorphism group: 

a o af = (af ® r_ t ) o a for all t G R. 

For its proof, readers are referred to [0 Theoreme 2.9]. The spectral subspace 
M,,- is the cx-weak closure of A n , however, they coincide because of the finite 
dimensionality of A n . 

Lemma 3.1. Let S be an intertwiner of and A. For any t G IR, we define 
the map S t : H n — > A by St£f = (F 1T )jj t af(S^J) for any j G 1^. Then S t is also 
an intertwiner of and A for any t G R, in particular we have af(A n ) = A^ 
for any t G R and we see any element of A n is analytic for {af }tm- 
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Proof. We shall show that a(S t £j) = Y.kei^ ® w(n)k,j for any j G I w and 
tel. In fact, we have 

=( F «)i,f E a t(SC k ) ® r_ t («;(7r) fcj ) 
fee/* 

fee/* 

□ 

From this lemma we see that erf (A) = A for t G K and the following proposition 
holds. 

Proposition 3.2. Let {A, G, a} fre an ergodic system and tp be the invariant 
state on A. Then there exists the modular automorphism group {of } t m on A. 

Definition 3.3. Let {A, G, a} be an ergodic system and ir be an element of G. 
A vector £ = (£,•)_,"£/* G 0^ Ar is called a ^-eigenvector if = Ylkeu ^ k ® 

w(ir)k,j for any j G I n . The set of 7r-eigenvectors is called the 7r-eigenvector space 
and denoted by X w ( n y 

Let {A, G, a} and {£ a }aga be a covariant system and a set of its it\- 
eigenvectors, respectively. A C*-subalgebra generated by £ A for all r G I 7Tx and 
A G A is denoted by C*({£, x }\ e \). The quantum group G acts on it invariantly. 
We say that it is a G- invariant C*-subalgebra generated by {£ a }aga- We make a 
7r-eigenvector space to a Hilbert space by defining its inner product with 

(£ I V) = E for a11 £' 77 G -^"00 ■ 

In fact, the above right hand side is an element of the fixed point algebra and 
therefore a scalar by the ergodicity of the action. 

We remark eigenvector spaces do not essentially depend on the selection of 
unitaries {tu(7r)} 7rG g. In fact, let us take two selections from it: w(ir), w'(n) 
and let X w ^ and X w >^ be the 7r-eigenvector spaces corresponding w(ir) and 
w'(ir), respectively. Then there exists a unitary u : H w ^ — ► H w >^ satisfying 
uw(n) = w'(tt)u. The unitary u gives a unitary isomorphism between X w ^ and 
X w >^) by sending £ G X w{lv) to < G X w(7t) , where «) fc = Y.eei^ 

Definition 3.4. Let {A, G, a} be an ergodic system and n be an element of G. 
We define the following two operations on eigenvector spaces. 
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(1) For any t G R, we define the linear map U™ : X w ^ — > X w ^ by 

(U^k)k = (Fjjfivffa) for all £ G X,, A; G 

(2) We define the conjugate linear map T w ^ : X w ^) — > X ^m- 

(W)* = (^)*1s fora11 ^^agj,. 

The well-definedness of the above first operation has been already checked in 
Lemma 13.11 For the second one we shall justify the equality a((T w ^^)k) = 

Y,e<Ei v { T w(Tr)Oi ® w ( n )e,k for an y £ e X w(n) and fc G 4- In fact, 
a((T tt(w) O fc ) =(^)^|«(a) 

Proposition 3.5. Let {A, G, a} fre an ergodic system and tc be an element of 

G. Then the map Rom G (H n , A) 3 S — > {S(£%))kei* e Xw{n) is a linear isomor- 
phism. 

Proof. For £ G X w ^, define the element S G Hom^-f^r, A) by S(Q) = £& for 
any k <E I n . It is easy to see that this map is well-defined and gives the desired 
inverse map. □ 

From this proposition we see the spectral subspace A n is spanned by the entries 
of 7r-eigenvectors. 

The next lemma has already appeared in the proof of [BJ Proposition 18], 
however, we give a proof for readers' convenience. 

Lemma 3.6. Let £ and 77 be tt- eigenvectors of an ergodic system {A, G, a}. Then 
the following equalities hold 

(1) (p{£kT)e) = D^ l (F lv ) k)k 5 k) e.(i I v)> f or al1 e 

(2) (plfifit) = 0, ifk^teln, and <p(tkVk) = f(Qve), for all kj e 
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Proof. (l)It is a straightforward calculation 



r 

rein 



=D-\F n \ k 5 k M | 77). 

(2) Let Z = (^(C^We^ be a matrix on the representation space H n . Then we 
have 

k,eein 
=(<p <g> id)a(C^) 

Therefore the operator Z commutes with the irreducible unitary representation 
w(n), so we have Z e C. □ 

Lemma 3.7. Let {A, G, a} fre an ergodic system and it be an element of G. Then 
it follows T* {7r) T w{7T) = U™ (7r) . 

Proof. Take 7r-eigenvectors £ and 77. Then we have 

= £^( F *)k,k( F *)k,kCkVk 
kein 

= Y^)kMC k rik) 
keU 

= Y^rM°t^k)e k ) 

kein 

=Y^U- D ^( F ^Aur i7T) v\o 



keln 
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(^10, 



where we use the result of the previous lemma and X^fegj (-^r l )k,k = D^. Hence 
we obtain the desired equality. □ 



Let Twfr) — Jw{-K)\T w ( n )\ be the polar decomposition of the conjugate linear 

map T w{n) : X w{it) — > X-^. Since it is easy to see T^y o T w{7r) = id x the 

map Jw^) is a conjugate unitary map and satisfies 



w(tt) 



(tt) I w(ir) I 



In particular we obtain Sp (u™^^ = Sp (llf^j . With these preparations 
we show the following result about bounds of multiplicities. 



Theorem 3.8. Let {A, G, a} be an ergodic system and it be an element of G. 
Then we have 

dimHom G (if 7r ,A) < D n . 



Proof. The proof is essentially due to [B, Theorem 17] or [Wall Theorems 1, 2]. 
As we have proved, in Proposition 13.51 the hom-space Hom^-f^r, A) is naturally 



isomorphic to X, 



w(ir) • 



Hence it suffices to show d 



unitary M-action {U™ }tm enables us to take an orthonormal basis of X w m 

{e}i< P <d as U^^ p = for all t <E R where X p is a positive real number. 
Then we define an operator entry matrix M by 



dim(X 



w(tx), 



< Dm-. The 



M 



e 



where each £ p is treated as a row vector. Adding entries, we embed the matrix 
M to a larger square matrix (still denoted by M) of size n (> d,d n ), if nec- 
essary. By orthonormality, we have MM* = 1^. Let k, F be positive matrices 



diag(A 1 1 ,A2 



a; 



1) and diag(-F™ (7r ), 
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1) in M n (C) + , respectively. 



Then we have 



d 

P =i 

= (y?®Tr fc ) (MM*) 

=(tp <g> Tr k )(M*(a^ <g> Ad(A;))(M)) 

=(</? <g> Tr fc )(M*MFA; _1 ) 

=(y> ® Tr) (M*MF) 

<(^®Tr)(l®Fl d J 

=Ar, 

where we use (erf ® Ad(Af*))(M) = MF %t k~ %t for £ G K. Hence we obtain 
^x^^iUi^) < -Dtt and similarly Tr x (U7^) < At = Ar- Since we have 

already known Sp = Sp (f/f 1 ^)' 1 , it follows 2d < Tr Xw{w) (U? W ) + 

Trv ([/■ )■ Therefore we obtain 2d < 2iX.. □ 

From this result, the dimension of the 7r-eigenspace is less than or equal to 
d n D n . We can derive the quantum version of jWal| Theorem 2]. 

Theorem 3.9. Let {A, G, a} be a compact quantum covariant system and it be 
an element of G. If p and q are minimal projections in A a , then we have: 

dim Home {H V) pAq) < D n . 

Proof. This proof is also essentially due to (HI Theorem 17] or [Wall Theorems 
1, 2], however, we cannot use the trace property as in the case of a compact 
group, we have to prove the finite dimensionality of B.omo(H n , pAq) at first. If 
the linear space pA a q is not 0, we can take non-zero norm 1 element x from 
pA a q. Then we see xx* G pA a p = Cp and x*x G qA a q = Cq and have xx* = p 
and x*x = q. It follows (pAq)„ = (pAp) 7T x. Therefore the assertion of this 
theorem follows from applying the previous theorem to pAp. Next we assume 
pA a q = 0. Because p _L q, we may assume that A is unital and 1 = p + q 
by considering (p + q)A(p + q). Let (p(x) = ip p (pxp) + <p q (qxq) where ip p and 
ip q are the invariant states on pAp and qAq respectively. Since the conditional 
expectation with respect to if E a : A — > A a is given by E a (x) = pxp + qxq, <p is 
the invariant positive functional on A. Let d < oo be the dimension of the linear 
space Honi(;(ff ff , A) and fix a natural number < d' < d. Note that we can take 
7r-eigenvectors {&}i<j<d' from (pAq) n = pA n q, which satisfy ¥>((£j!)*£s) = ^j,kS r ,s 
for 1 < j, k < d' and r, s G I n . In fact, if we have {&}i<j<k-i as before, we can 
take a 7r-eigenvector £ fc which satisfies <p {{£{)* £i) = <5j,fc for 1 < j < p — 1. Then 
modifying Lemma IHTUl to the case of pAq, we achieve to take desired vectors. Let 
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M be the matrix 

M= Tw ^ 2 . 

Adding O-entries, we embed M to a larger square matrix (still denoted by M) 
of size n (> d',d n ). Note that T w m^ is a 7r-eigenvector for qAp: T w ^^ = 

((F n ) r ,r^ ) j . By the computation in the proof of Lemma 13 .7| it follows 
MM* = D^q <g> l d '- Hence we have M*M < D^p ® 1^ in pAp ® M(H n ). Then it 
yields: 

£>£ >(<p®Tr F „)(M*M) 

= £ i 

l<i<d' 

where (£■?' | £ J ) means the inner product of 7r-eigenvectors for pAg. Let us define 
another inner product (• | -) 2 of 7r-eigenvectors for pAq by (£ | r]) 2 = <f(v*Cr) for 
any 7r-eigenvectors £, 77. Note that this value does not depend on the choice of r by 
Lemma \'3. 61 Let If be a linear space spanned by {&}i<j<d'- There are two inner 
products (• | ■) and (■ | -) 2 on W. Let Aw be the matrix which satisfies (Awi \ 
77)2 = D^ 1 ^ | T]). Then from the above inequality we have Ttw(Aw) < D n , 
where Tr^y is the non-normalized trace associated to W. Similarly considering 
T W ^){W) for W, we also obtain Tr Tw{7v){w) (A Tw{7v){w) ) < D n . Moreover, we see 
A w = T*,-,T W ^, where the involution * comes from the conjugate linear map 
T w ( w ) : W — > T w ( n )(W) between (• | -) 2 -inner product spaces. In fact, we have 

(T w(7r) £ | T w{7v) r]) 2 =^((Tr/)i*(T£)i) 

= (F- 1 ) 1 , lJ D; 1 (F 7r ) lil (r / | 

Let us denote T w{n) (W) by W. Let T w{jt) = J w \T w (n)\ and T^y = Jw\ t m^)\ be 

the polar decomposition of the conjugate linear maps T w ^ and T^-z between W 

i _ i 

and T w{7T) (W). The equality T w{w) o T^y = id w yields J W A W J W = A^ . Then 
we have JwAwJ w = A^l because J\y and Jyy are conjugate unitary. Hence we 
obtain Tr(A w ) = Tt(A^) and it follows 2d' < 2 Tr(A w ) < 2D n . □ 



Finally we state the modified version of Theorem 13.81 and Theorem 13.91 
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Proposition 3.10. Let {A,G,a} be an ergodic system and it be an element of 
G. Assume that A has a tracial state. Then we have: 

dim Horn (if^, A) < d n . 

Proof. We have proved finite dimensionality of X w t n ). Let d be its dimension and 
{£ P }i<p<d be an orthonormal basis of X w ^ for the inner product (• | •). Take a 
tracial state r on A. Define the matrix M by 

-2 



M 



As the proof of Theorem 13.81 we look at M in a bigger square matrix algebra. 
Then we have MM* = Id and it yields 

d n >(r ® Tr) (M*M) 

= (r <g> Tr) (MM*) 

=d. 



□ 

Proposition 3.11. Let {A, G, a} be a compact quantum covariant system andw 
be an element of G. Assume that A has a tracial state. If p and q are minimal 
projections in A a and they are not annihilated by a trace on A, then we have 

dim Horn (H n ,pAq) < d w . 

Proof. Let d(< D n ) be the dimension of dim Horn (H n ,pAq). Let {£ p }i< p <d be an 
orthonormal ^-eigenvector for pAq where we define the inner product by 



Vr 



for all 7r-eigenvector £ and 77. Take a tracial state r on A with r(p)r(q) ^ 0. 
Define the matrix M by 

e 



M 



U7 



and embed it into the larger square matrix as in previous theorems. Then we 
have MM* = p <g> l d . This yields 

dr(p) =(r <g> Tr)(MM*) 

= (r ® Tr) (M*M) 

<(r®Tr)(g® l d J 

=r(q) d n . 
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Hence we have d < d^^rl. Considering qAp = (pAq)* and d = 
dim Hom(iif 7r , qAp), we also have d < d^^l = d^^M;. Finally we obtain 
d < d min < d 

□ 

Remark 3.12. Assume that the linear space pAq is not 0. Then r(p) 7^ if and 
only if r(q) 7^ 0. Indeed, take 7r G G as pA n q 7^ and assume r(q) = 0, then we 
obtain r(p) = by the proof of the above proposition. The converse assertion 
holds by applying the involution * from pAq to qAp. 

4. EQUIVARIANT i^-THEORY 

We follow |Walj and use equivariant f^-theory to obtain a multiplicity map. 
We briefly recall the notions. Readers are referred to, for example, [BSlJ and 
|V] for the theory of equivariant il"-theory. Let {A, G, a} be a compact quantum 
covariant system with A unital. Let E be a finitely generated projective Hilbert 
A-module and 5 E '■ E — > E (g> C(G) be a linear map. The pair {E, S E } is called 
a G-equivariant A-module if they satisfy the following 

(1) (id (8)5) o5 E = (5 E ® id) o 5 E , 

(2) 5 E (ea) = 5 E (e)a(a) for all e G E and a G a , 

(3) (fe(e) I <MO) = a((e | e')) for all e,e' £ E , 

(4) the linear subspace 8 E (E)(C <g> C(G)) is dense in £ <g> C(G). 

Actually the second equality follows from the third one. Inner products of 
Hilbert modules are conjugate-linear for the first variable. Two G-equivariant 
A-modules are equivalent if there exists a bijective linear map intertwining of 
the actions of G and A. The set of these equivalence classes becomes an abelian 
semigroup by the direct sum and its Grothendieck group is denoted by Kq{A) 
and this is called an equivariant K-group. For a G-equivariant A-module {E, 5 E } 
we define its crossed product Hilbert A x a G-module by E x a G = E®a (Ay\ a G). 
This module becomes a (left) G*(G)-module by an appropriate way (jVj Lemme 
5.2]). Here we take a non-rigorous picture for its action. Let x be an element of 
G*(G) and we assume its dual coproduct has an expansion 6(x) = J2 x (o) 
It is considered that G*(G) acts on E through the differential representation 
with respect to 5 E . Hence we have an action x ■ (e <8u y) = ^ x (o)( e ) <8U x (i)V- 
This action is compatible with the right action of A, because in A x Q G we 
have z(a(y)) = XX%Q ' v) z {i) f° r 2 e G*(G) and y G A where G*(G) acts on 
A with the differential representation about a. We next recall the Green- Julg 
isomorphism. If E n is a tensor product module H w A with a finite dimensional 
irreducible G-module H w , then we have E n (g>^ (A x a G) = H w <S> (A x Q G). 
We apply p G C*{G) to this space. Since this action is obtained by the dual 
coproduct, we have p G (E^ ® A A x Q G) = p (H n <g> G*(G)) ®c*(G) A x a G = 
PwC*(G) <%>cf(G) Ay\ a G = (1 ®Pw)A x a G . In general case E is a direct summand 

18 



of a direct sum of E n . Hence the module po(E x a G) corresponds to a projection 
in M n (A x a G) for some n. We also notice that A x a G is stably unital. In fact 
we have an approximate unit of K(L 2 (G)) which consists of projections in G*(G). 
In this way we obtain the Green- Julg isomorphism (see [Yj Theoreme 5.10] for 
its proof of K i^- version) : 

<f> i: K<?(A)^K Q (AM a G) 

defined by [E] i— > [po{E x Q G)]. The inverse map of $1 is given by 

^ 2 :K (Ay iQ G)^K^(A) 

which sends [q] to [q(A<g>L 2 (G)) n ], where q G M n (Ay\ a G) is a projection and A® 
L 2 (G) is a G-equivariant A-module with 5A®L 2 {G){. a ® = (1®W^(£ (g) l))a(a)i 3 . 
We define the usual _R(G)-module structures on Kq(A) and K (A x Q G). Let 7r 
be an element of G and i£ be a G-equivariant A-module and q G M n (A x a G) be 
a projection. We define the action of 7r 

tt • [E] = [H v <g> E] , 
7T • [g] = [(id M „(c) ®dff)(g)] , 

where we use the isomorphism -K"o(^4 x a G) = i£o(^4 x Q ,G®End(_?f 7r )). We observe 
the Green- Julg isomorphism is an i?(G)-module map in the compact group case. 

Lemma 4.1. Let B be a C* -algebra and E be a Hilbert B-module which has a 
C*(G)-action <fi : G*(G) — > M(E). Then for any n G G there is an isomorphism 
as Hilbert B -modules between po(H w ® E) and Po(E <S> H n ). 

Proof. First we observe the difference of S(p ) and its opposite S op (p ). Using p = 
(id ®h)(V) and the pentagonal identity, we obtain 5(po) = (id <8> id <2>/i) (^13^23) 
and 5 op (p ) = (id ® id ®/i)(V2 3 Vi3). Since V has the expansion 52^8 i jeu ® 
w(n)ij, we have the following equalities: 

We use (T^wijf)^) = {F w ) k)k (F w )i/w(w) kt i in order to get h{w{jf) kjt w{'K)i t j) = 
(Fw)k,k(Fw)£/h(w(7r)i i jw(7f) kj i) . Define a densely defined unbounded positive op- 
erator F = J2n£G E-k ■ With this operator we get the identity 

5 op ( Po ) = (l®F)5(po)(l®F). 
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Then we define the map \ : H w <g> E — ► E <g> H n by x(£ <8> e) = e ® i 7 ^ x £ . This 
is a bijective adjointable map for Hilbert 5-modules. Then we get 

X o (id®0)(5(p o ))(f ® e) = (1 <g> F~ x ){(j) ® id)(^(po))(e ® 

= (0®id)(5(po))(e® i^O- 

Hence we see x maps po(H n ® J5) onto po(-S ® #71-) ■ D 

Lemma 4.2. TTie Green- Julg isomorphism $i zs an R(G)-module map. 

Proof. Take 7r G G and a G-equivariant A-module We shall prove $i(7r- [E 1 ]) = 
(d^^iQ-E 1 ])). For the left side we have 

[p ((H n ®E)® A A x Q G)} = \po(H* ® £ x a G)] . 

For the right one we have 

(cy*([po(£ x Q G)]) = [p (E x a G) ®^ (A\G® End(F 7r ))] 
= \p (Ex a G®End(H w ))}. 

Moving it to K (A x a G) by tensoring A x a G ® over Ay\ a G® End(iJ 7r ), we 
get: (Q! 7r )*($i([£'])) = [po^ x Q G ® fl"^)] . Hence we obtain the desired equality 
by applying the previous lemma to E x a G and B = Ay\ a G. □ 

We consider a compact quantum ergodic system {A, G, a}. Then there exists 
an index set I and Hilbert spaces Hi for each i 6 J such that the crossed product 
A x Q G is isomorphic to ® ig/ K(ifj), where {Hi}^ are Hilbert spaces (see (HI 
Theorem 19], |WaH Corollary 2] for its proof). Let us fix minimal projections 
ei E K(Hi) for all % E I. Hence we have Kff(A) = ig/ Z[e*] by the Green- Julg 
theorem. Using the isomorphism $ 2 : K (A x Q G) — ► -ff^(A), we can easily 
check that in Kq (A), [e$] becomes a G-equivariant A-module [ej(v4 <8> L 2 (G))] . 
Now we consider the _R(G)-module structure of Kq(A). Let n be an element of 
G. We define the (not necessarily finite size) matrix M(7r) = (M(7r)j iJ )j )J - 6 / by 

7r-[e J ] = ^M(7r) ij [e i ]. 

This equality holds in F G (A) = K (A x a G). If we treat [e,-] = [ej(A® L 2 (G))] in 
Kq(A), we get the equality M(ir)ij = dim Hom^ A) {H % ® ej(A ® L 2 (G)), e^A ® 
L 2 (G))). 

Lemma 4.3. We have an isomorphism between linear spaces Hom(G i ^)(H 7r ® 
ej (A ® L 2 (G)), e<(4 ® L 2 (G))) and Hom^i^, ei (A ® K(L 2 (G))) ej ) . 

Proof. We may assume projections e« and are majored by 1 ® p where p is 
a projection in G*(G) C K(L 2 (G)). Let ifo be a closed subspace pL 2 {G). It is 
finite dimensional and G-invariant, that is, W(H ® C) C ® G(G). Let {^ p } pe j 
be an orthonormal basis of H . With this basis we give a matrix representation 
( w p,q)p,qeJ of iy by W(r] p ® 1) = J2 qeJ r] q ® . From now we write T and r a 
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for C(G)-comodule maps H^^A^Hq — > H n ® A® H o C(G) and A®H — > 
A ® H ® C(G), respectively. Take an intertwiner S from Hom^^) (H w ® A <g) 
if 0) ^4 ® -f^o)- Then we can choose G A for all k <E I n and p,q £ J such that 
they satisfy S^fc <g> a ® 7] p ) = X] g e j a fc,<?p a ® % f° r all a G A by A-linearity. Since 
S* is a G-homomorphism, we have r 1 S , (^ fe <8> 1 <8> ?y p ) = (5* <8> l)(r (£fc ® 1 ®Vp))- 
The the left hand side is equal to 

ri(a Mp 0i] q ) = (1 <8) 7/r <8) Wr< ? )a(a fc ,g P )i3 • 

The right hand side is equal to 

^ (S® 1 <8) ?7s <8) w(ir) ek w sp ) = ^ ae, rs <8> Vr ® w(n)ekW sp ■ 

eeiir,seJ eei n ,r,seJ 

Hence we get 

(4.1) ^(1 <g> w rq )a(a kiqp ) = ^ a ^rs®w(-K) lk w sp . 
qe.J e<=i n ,s£J 

Next take an intertwiner T from Hom.a(H n , A ® B(iJ ))- Then we can choose 
fr/c )(? p G A for all k E I w and p,q E J such that they satisfy = J2 q p <=jb k , qp <8> 
Vq&Vp- Since T is a G-homomorphism, we have aoT(^) = (T® 1) o«;(7r)(£fc<g> 1) 
for all k <E I w . The left hand side is equal to 

J] ®V q ®Vt)= W 23»(b k , qt ) 13 (l ®l®r] q O Vt )W; 3 

q,t£j q,te.J 

= (! ® <8> 1)(1 <8> 1 <g> w r9 )a(6 fcigt )i 3 (l ® 1 ® < t ) • 

q,r,s,teJ 

The right hand side is equal to 
Hence we obtain the following equality 

Multiplying w sp and summing up with s, we get 

(4.2) ^(1 ® w rq )a(b k , qp ) = Y hrs ® w(n)e k w sp . 
qeJ eein,s£.J 

Now we construct maps z/ : Hom^^) (iJ^ ® A <g) if ? ^4 ® iJ ) — *■ H° m G(-^7n ^4 ® 
M(H )) and z/" 1 : Homc(i/ 7r , A <g> M(H )) — ► Rom {GtA) (H n ® A® H , A® H ) by 
the following equalities. For all k G I n and p G J, 

z/(S , )(^ fc ) = a fc ,g P ®r} q Orj p , 

q,peJ 

i/ _1 (T)(£ fe <g> a <g> 7] p ) = 6 fei<?p a <g> 77, . 

q£j 
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They are actually linear operators in each hom-space because equalities (j4.1|) 
and (|4.2|) have the same form. Since clearly we have v o v~ x = id and u^ 1 o 
v = id, they give an isomorphism between Hohi^a) (H n ® A ® iJ , ^4 ® ff ) an d 
Homc(if 7r , A ® B(ifo)). Then we also easily check that v maps the subspace 
Hom (GiA) (H^®e j (A®L 2 (G)),e i (A®L 2 (G))) C\ Hom (G>A) (H n ®A® H , A ® H ) 
to the subspace Hom G (if 7r , e { {A ® K(L 2 (G)))e i ) C Hom G (i7 7r , A ® B(H )) . □ 

Therefore, as in the classical case we can derive the following result by A. 
Wassermann ( |Wal| p.304]). 

Corollary 4.4. Let {A, G, a} be a compact quantum ergodic system and M : 
R(G) — > Min(Z) be the multiplicity map. For alli,j in the index set I, we have 

M(7i) itj = dimRom(H 7T ,e i (A®K(L 2 (G)))e j ). 

It yields the identity M(7f)jj = M(7r) J - ) j for all it G G and i,j G I and therefore 
the multiplicity map M : R(G) — ► Min(Z) is a *-homomorphism. As we have 
seen, some properties of multiplicity maps also hold in the quantum case. How- 
ever we have to be much careful about the existence of its common eigenvector 
(see, |Wal[ Theoreml7] for classical case). In order to study this problem we 
need several lemmas. 

Lemma 4.5. For all i,j G I, the reduced G-space Ci(A ® K(L 2 (G)))ej is not 0. 

Proof. Let M be the cx-weak closure of A in M(H 9 ) where H v is the GNS Hilbert 
space of the invariant state (p. Define the relation ~ in the index set I as % ~ j if 
and only if Ci(A ® WL(L 2 (G)))ej 7^ 0. We show this is an equivalence relation. A 
non-trivial part is transitivity of ~. Assume i ~ j and j ~ k. Then there exists 
7r,p G G which satisfy M(7r)y > and M(p)j )k > 0. Then we have M(tt ■ p) itk > 
M(ir) it jM(p)j )k > and the left hand side is equal to ^ r6 g N r p M(r) iifc . Hence 
there exists r G G such that M(r)j ) fc > 0. Therefore the reduced space e,i{A ® 
K(L 2 (G)))efc is not 0, that is, i ~ k. Let I = LheA^ A ^ e ^ ne decomposition with 
respect to the equivalence relation ~. Let Zj be the central projection in Z(M) 
with z{ei) — Zi ® 1 for alH G I where z[e,i) means the central support projection 
of e, inM® B(L 2 (G)). Since for A ^ fi G A we have a{A ® K(L 2 (G))) ei = 
for all i G I\ and j G J M , we see ZjZj = for all i G I\ and j G J M . We claim 
1 = Vie/^ = Saga Vie/ A ^- This follows because A x a G = ie/ K(ifj) and 
the sum of all diagonal atoms is equal to 1 in strong operator topology. By 
definition of a central support projection we obtain Mzi ® M(L 2 (G)) = M ® 
B(L 2 (G)) tiM ® B(L 2 (G)) for all i G 7. Then we see a{M Zi ® B(L 2 (G))) C 
(M®M(L 2 (G))e i M®M(L 2 (G)))®L 0C (G) = <g> B(L 2 (G)) <8>L°°(G) and hence 
® 1) < 2j (8) 1 ® 1 for all i G J. Let ,2 A be the projection Vie/ A ^- Then a 
family {za}aga is a partition of unity and satisfies a(z\ ® 1) < z\ ® 1 <8> 1 for all 
A G A. Therefore we obtain a(z\ ® 1) = Za (g) 1 <g> 1 for all A G A. Since the 

left hand side is equal to W^zctiz^r^W^ we have a(z\) = z\®\ for all A G A. 
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Ergodicity of a yields z\ = 1 or for all A G A. Hence A is a singleton and it 
completes the proof. □ 



From this lemma we have the following irreducibility criterion which has been 
studied in |Wal| Section 10]. 

Lemma 4.6. Let n be an element of G. If for any p G G there exists k G Z> 
such that p is contained in rr k , then for any i,j G / there exists £ G Z> with 
(M(vr)%. > 0. 

Proof. Since G-space ei(A £g> K(L 2 (G)))e,,- is not 0, there exists an element p in 
/ such that M(p)jj = dimHom(if p , e^A (g) K(L 2 (G)))e i ) > 0. By assumption 
there exists £ G N such that 7t e contains p. Then we have (M(7r)^)jj = M(7r £ )j.j > 
M(p)ij > 0. □ 

In that case we want to show the existence of a Perron- Frobenius eigenvector, 
however, we cannot use the dual weight <p as in the compact group case because 
it is not necessarily a trace. We will give an eigenvector under some assumptions 
later. 

Lemma 4.7. Let m : R(G) — > Z be a *-homomorphism such that it satisfies 
m ( 7r o) — 1 an d Tn(G) C Z >0 . Assume M(7r)jj < m(jr) for all tt G G and i,j G I. 
Then the matrix M(p) is a bounded operator on I 2 (I) and its norm is less than 
or equal to m(p) 2 for all p G R(G) + . 

Proof. Take p from R(G) + and we have ^j g /M(p) 2 J - < m(p) 2 . In fact we can 
directly check it by the following calculation 

^M(p) 2 J= (M(p)M(p)) M 

=M(p • p) i:i 

=m(p)m(p) 
=m(p) 2 . 

Take a finitely supported vector £ in Z 2 (Z). Let C(i,p) be a finite set {j E I \ 
M(p)jj 7^ 0}. From the above inequality we particularly obtain \C(i, p)| < m(p) 2 . 
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We assume p = p G R(G) + . Then we have the desired inequality 

iiM(p)ar=£|E M (d«&" 

16/ j&I 



|2 



= E| E m (^)mO 

is/ jeC(i,p) 

= E E M w«- E ifei 2 

i6/ jeC(i,p) j6C(i,p) 

<-(p) 2 E E te ia 



2 



= m(p) 2 J2\C(j,pM. 
je/ 

<^(p) 4 E^i 2 - 

J6/ 



For general p G R(G) + we apply the above result to a positive self-conjugate pp 
and get 

||M(p)|| 2 = ||M(pp)|| 
<m(pp) 2 
= m(p) 4 . 

□ 

Lemma 4.8. // a self- conjugate element it e G has the property in Lemma \4 ■ b\ 
then M(7r) has an eigenvector with the eigenvalue ||M(7r)||(< D 2 ). Moreover if 
A has a tracial state, then ||M(7r)||(< d\). 

Proof. Since we know the matrix M(7r) is irreducible and bounded, there exists 
an eigenvector with the eigenvalue ||M(7r)||. For all i,j G / we have proved 
e i (A(g)K(L 2 (G)))e j ^ 0. By Lemma we have M(ir) id < D n . Hence we obtain 
the first assertion by Lemma 14.71 If A has a tracial state r, then the tracial 
weight f = r <g> Tr is semifinite on A x Q G and f (e^) > for all i G I. In fact if 
f(ej) is equal to for some % G I, we have f{e.j) = for all j G / by Remark 13.121 
and Lemma f4. 51 It shows f = and this is contradiction. Now we apply Lemma 
14.71 with m(7r) = d n and obtain the second assertion. □ 

Now we consider the special case G = SU q {2). We refer to |WoTl IMMNNU] 
or the next section for its representation theory of SU q (2). Its irreducible rep- 
resentations are represented by {^v} ue iz >0 an d its fusion rules are determined 
by 

7Tl ■ TX V = 7T , 1 + 7T 1 

2 ^2 " 2 
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for all i/£j, 

Lemma 4.9. Letm : R(SU q (2)) — ► Z be a dimension function with m(ir u ) < d\ v 
for all v G \. Then we obtain m(n u ) = d %v for all v G \. 

Proof. Write to for mijii). Define polynomials {pu} u( z±i recursively by p v+ i(s) = 
s Pv{ s ) — P v -i( s ) an d Po — 1) Pi — s. Then we get m(ir u ) = p u (t ). From the 
positivity of m(7r u ) we have t > 2. Assume to > 2. For s > 2, the polynomials 
p u {s) are strictly increasing and we get a lower bound by an affme line p v {2)'(s — 
2) + p v {2) where p v {s)' means the derivative at s. Putting s = to, we obtain an 
equality m(Tr u ) > (t — 2)p u (2)' + 2v + 1. The left hand side has upper bound by 
d\ = (2v + l) 2 . In order to derive contradiction, it suffices to show the right 
hand side has a polynomial degree 3 with respect to v. By the definition of p v , 
we get p u+ i(2)' — p u (2)' = p v (2)' — p v _i(2)' + 2v + 1. This immediately gives 

p I/ (2) / = |i/(i/ + l)(2i/ + l). □ 

We show the following main result in this section which asserts the existence 
of multiplicity vector c under a tracial condition on A. 

Theorem 4.10. Let {A, SU q (2), a} be a compact quantum ergodic system. As- 
sume that A has a tracial state. Then there exists a positive entry vector 
c = (cj)j 6 j such that M.(ir u ) c = d WlJ c for all v G \. 

Proof. By Lemma there exists an eigenvector c such that M(7Ti ) c = tc where 
t = | |M(7ri ) 1 1 . Since any is written by the polynomial P v of tti , we can define 
the dimension function m : R(SU q (2)) — > Z with WI(tt u ) c = m(7r v ) c for all 
v G |. We show m(n u ) = ||M(7iv)|| for all v G 5. The self-adjoint operator 
M(n u ) is written by the polynomial P u of M.(iti). Hence we have 1^(^)11 > 

P v { M(7ri) |) = P P (t) = m{n u ). The converse inequality is obtained by applying 
the Schur test to M^) c = m(n u ) c. Therefore we have m(ir u ) = \ \M(n v ) \ \ < d\ v . 
By previous lemma, we have m(ix v ) = d n ^ for all v G \. □ 

The next lemma has already been proved in |Wa2l Lemma 1, Theorem 2] for 
q = 1, that is, the SU(2) case. 

Lemma 4.11. Let {A, SU(2), a} be an ergodic system. Then its 7r± -eigenvector 
space X 7T1 is not one- dimensional. 

Proof. Let £ = (a, b) be a 7Ti -eigenvector. Then we have 

a(a) — a® x + b ® v , a(b) = a®u + b®y. 

Consider a vector r\ = {b* , —q~ 1 a*). By an easy calculation, we see r] is also 
a 7ri -eigenvector. Assume that X ni is one-dimensional. Then there exists a 

complex number /1 such that 77 = So we get b* = fia and — q~ l a* = fib. 
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It follows — q 1 a = \fi\ 2 a. Hence we obtain > — q 1 = |/i| 2 > 0. This is a 
contradiction. □ 



Hence we obtain the result corresponding to |Wa2| Theorem 1] for positive q. 

Corollary 4.12. Let {A, SU(2), a} be an ergodic system. Assume that A has 
a tracial state and q is positive. Then its multiplicity diagram is one of type 
1, T„ (n > 2), T, SU(2), D* (n>2),D* oc , A% S\ and A%. 

Example 4.13. We consider the multiplicity diagrams of quantum spheres 
C(S 2 X ). If A = c(n), then its spectral pattern (or finite dimensionality) allows 
only the diagram of type SU{2) in Figure |H1 (see Appendix). If < A < 1, then 
its spectral pattern derives the diagram of type T in Figure El If {A, SU q (2), a} 
is an ergodic system and A is finite dimensional, then its multiplicity diagram of 
7ri must be of type SU(2) by its finite dimensionality. Hence the classification 

by Podles ( |Polp shows that A is G-isomorphic to End(if 7r ,J for some v G Z>i. 

We recall the definition of the McKay diagrams. Let H C G be a quantum 
subgroup with the restriction map ru and w G M(H W ) <8> C(G) be a unitary rep- 
resentation of G. We denote the restricted representation {id®r H ){w) by w\h- 
Prepare the vertices {o"} CTg #- Let o"o be the one-dimensional trivial representation 
of H. First we consider the irreducible decomposition w\h ■ o"o — ® a€ gN^ H o~ 
where the scalar A^^'^ means a multiplicity. Then we draw arrows from o"o to 
the above arising irreducible representations {o~} ae fj with N^ H -times, respec- 
tively. Second for each a in the above decomposition we consider the irreducible 
decomposition of w\h • & and we draw arrows from a to the irreducible repre- 
sentations in a similar way. Continue this procedure we get the McKay diagram 
for H C G with respect to w. If w is self-conjugate, then the diagram is non- 
oriented because of the symmetry N^ HT = N^, . When we treat quantum 
subgroups of SU q (2), the McKay diagrams are drawn with respect to the funda- 
mental representation 7ri. Now we consider G-covariant system {C(H \ G),5} 
where if is a quantum subgroup with the restriction map r#. It is well-known 
that the multiplicity diagram and the McKay diagram coincide in the classical 
case, however, we give the proof of the general quantum group case for readers' 
convenience. We denote (r H ®id)(V e ) by V e \ H - The C*-algebra C(G) <g>K(L 2 (G)) 
has the left and right actions as, and (3 r defined by a^{x) = Ad V^* 3 V£* 2 (1 <8> x) 
and /3 r (x) = AdV 13 (x <g> 1) for all x G C(G) ® K(L 2 (G)), respectively. We de- 
fine the left if -action af by the composition {r H ® id) o on. Consider the map 
Ad V t : C{G) ® K{L 2 {G)) — ► C{G) ® K{L 2 {G)). 

Lemma 4.14. (1) The map Ad Ve gives an isomorphism between C(H\G) ® 
K(L 2 (G)) and H (C(G) ®K(L 2 (G))) where the latter one is the fixed point 
algebra of the left H -action of . Moreover it maps C(H \ G) Xs G to 
C® H K(L 2 (G))). 
(2) AdVi intertwines the right G-actions a and f3 r . 
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Proof. (1) It suffices to show that the map Ad Vg intertwines left if-actions 
AdVeln <§) id and af. This is immediately verified by the equality Vi 23 V(\h\ 2 = 
Ve\H* 13 Ve\H* 12 v ^23- ( 2 ) Similarly the equality V ei2 W 23 V 13 = V 13 V £l2 gives the de- 
sired intertwining property. □ 

Now we choose a left irreducible if-module K l a for each a £ H. Then we have 
the irreducible decomposition L 2 (G) = Q) ae fiK^<g)L C7 where L a is the multiplicity 

space for a. Note that all the are non-zero, because there exists n £ G such 
that a is contained in tc\ h . Then we get H K(L 2 (G))) = © CT6 ^C1 CT <g>K(L CT ). Let 
e a = la ®p a be a minimal projection of C1 CT <E>K(L CT ). By the previous lemma we 
have K (C(H \ G) X5 G) = © CTe #Z[e CT ]. Hence the vertices of multiplicity maps 

are represented by the elements of H. Then the following proposition holds. 

Proposition 4.15. Let re be an element of G. Then we have M(7r) PiCr = N^ H p 
for all p, a in H . 

Proof. We use Corollary The G-module e p C(H \ G) ® K(L 2 (G))e (7 is iso- 
morphic to H (C(G) © epK(L 2 (G))e a ) by the previous lemma. Since quantum 
group G acts on the first tensor component, the multiplicity space for tc is 
H (H* © e p K(L 2 (G))e (T ) which is linearly isomorphic to Hom^i?^— , K p © i^). 

Hence its dimension is equal to = N^ H p . □ 

Define the vector d = {d a ) ae fj and we have M(7r)d = d n d. Hence we have 
solved the eigenvector problem in the case of the quotient spaces. 

Corollary 4.16. Let H be a quantum subgroup of G and consider the ergodic 
system {C(H \ G),S}. Then the multiplicity diagram for 71 £ G coincides with 
the McKay diagram of H C G with respect to it. 

Next we study reduced ergodic systems associated to ergodic systems and show 
the heredity of information of multiplicity maps. 

Definition 4.17. Let {A, G, a} and {B,G, a} be compact quantum ergodic 
systems and take index sets I, J with A x a G = ® i6/ K(ifj) and B x^ G = 
Q}j eJ K.(H/). We say two ergodic systems are of the same type if there exists a 
bijective map 6 : I — ► J satisfying M B (7r) 06 = 60 M (ir) for all n £ G, where 
M A and M. B are multiplicity maps for ergodic systems {A, G, a} and {B, G, a} 
respectively. 

Theorem 4.18. Let {A, G, a} be a compact quantum ergodic system and take 
an index set I with A x a G = ® igJ K(Hj). Take minimal projections {e{\i & i 
from {K.(Hi)} i( zj . Then for all i £ I, two ergodic systems {A, G, a} and {ei(A © 
K(L 2 (G)))ej, G, a} are of the same type. 
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Proof. Denote K(L 2 (G)) and B(L 2 (G)) simply by K and B. We claim that the 
covariant system {A(g>K(g>K, G, a} is strongly equivalent to {K®y4®K, G, id <S><5}. 
Let us consider the map Ad(W 2 * 3 ) : A<gK<gK — ► AigKiglK. For x G A, k G KtglK 
we have: 

W* 3 &(W 23 (X ® k)W; 3 )W 23 =W* 3 W 34 W 24 W 23 a(x) l4 (l ® fc ® 1)^3^2*4^*4^23 

=W 34 a(x)i 4 (l <g> fc <g> l)^, 

where we use the pentagonal identity for W, W 23 Wi 3 Wi 2 = W\ 2 W 23 . Next flip 
the first and second tensor component of A <g> K <g> K and the claim is proved. 
Hence we get an isomorphism (A®K) x„ G = K(g (A x Q G). A projection ej<g 1 
is in the fixed point algebra of the multiplier algebra M(A (g K (g K) for 5. So 
it is mapped to a projection fa in the multiplier algebra M(K ®A>i a G). Hence 
we see that {e^A (g K)ej <g K, G, a} is equivalent to {/j(K £g A £g K)/j, G, id <ga}. 
The projection / f is decomposed into a direct sum of projections {pj}j^i which 
are in {B ®M(Hj)}j e j. We claim they are non-zero projections. It suffices to 
prove the central support of fa in B (g> M x a G is equal to 1 by passing to von 
Neumann algebras, that is, isomorphic covariant systems (ej(M(gB)ej (gB, G, a} 
and {/j(B (g M <g B)/ i; G, id(g<5}. Hence we show the central support of (g 1 
in (M <g B <g B) 3 = (M <g> B) x„ G is equal to 1. By duality theorem, we get 
the isomorphism of inclusions, M x a G <g> C C (M <g B) x 5 G = a(M x a G) C 
M x Q G <8> B. Hence we study the central support of afa) in M x a G (g B. Fix 
j £ I and we can take it £ G with M(7r) J - j j > by Lemma H31 By the definition of 
M(7r) we have [^(ej)] = Y^kei M(7r) fcii [ e fc]- Hence the j-th component of ot^e*) is 
a non-zero projection, in particular the central support of a(ej) in M x a G <gB is 
equal to 1. Let H/ be a Hilbert space pj(L 2 (G)®Hj) and we have an isomorphism 
e((A (g K)ej x„ G = @ je/ K(i7/). Next we choose minimal projections {qj}jei 
from WL(Hj'). Let p be a minimal projection in IK. For any j G /, the projection 
qj is equivalent to p <g e s in K® K(Hj) C (K <g A <g> K) id0ci . Then we have a 
G-isomorphism between reduced spaces qj{K <8> A <g> K)g^ and (p (g e_j)(K <g ^4 <g 
K)(p (g Ck) = Cp (g ej(y4 (g K)efc for all j, k G J. Therefore we have proved the 
equality dim Home (i?,,-, qj(K. (g A (g K)^) = dim Home (-f^jr, ej(A (g JK)efc) for all 
7r G G and j, G J. □ 

Definition 4.19. Let {A, G, a} be a compact quantum ergodic system. A unital 
G*-subalgebra B C A is called a G-invariant G*subalgebra if it satisfies a(B) C 
£> (g G(G). Then {-B,G, a} is called a subsystem of {A,G, a} and denote this 
situation by {B, G, a} C {A, G, a}. 

Let B be a G-invariant G*-subalgebra of A. The inclusion G-homomorphism 
i : £> — > A induces the inclusion of crossed products, B y\ a G d Ay\ a G. Taking 
index sets I, J as B x a G ^ j£/ K(# 4 ) and A x a G = i6j K(A" 4 ). Let A 
be an inclusion matrix of B y\ a G C A»„G, that is, K(iJj) is amplified into 
WL(Kj) by Aji times. We can easily show the next proposition by the definition 
of multiplicity maps. 
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Proposition 4.20. Let {B, G, a} C {A, G, a} be an inclusion of compact quan- 
tum ergodic systems. Let M B and M A be the multiplicity maps. Then we have 
AM b (tt) = M A (vr) A for all tt G G. 

We recall an observation by A. Wassermann, which has an important role in 
his classification program in |Wa2j . Let po = (id®/i)(V) be a minimal projection 
of C*(G). Note that it is central in not only C*(G) but also C}{G). It is also a 
minimal projection on L 2 (G). Then we have 

(1 ® Po )A x Q G(l ®po) = (A <g> poK(L 2 (G) )p ) & = A Q ®C Po = C(l®p ). 

This shows that po is a minimal projection in A x Q G. Hence if we take min- 
imal projections in {e,}^/ as before, then there exists unique i such that e io 
is equivalent to p in A x a G. We often say this index corresponds to p . 
Then we obtain an isomorphism as covariant systems between {A, G, a} and 
{ei A <g> K(L 2 (G))ei , G, a}. From this we get the following result. 

Corollary 4.21. Let A C C(G) be a right coideal. Then there exists an eigen- 
vector c = (cj)i e / which satisfies the following conditions. 

(1) All entries of c are strictly positive integers and there exists an index 
i G I which satisfies c io = 1. 

(2) It is a common eigenvector of the multiplicity map; M.(n)c = d^c for all 
n e G. 

(3) Two covariant systems {A,G, a} and {e io A ® K(L 2 (G))e io , G, a} are iso- 
morphic. 

Proof. Take a minimal projection p w of End(i/ 7r ) C C*(G) for 7r G G . Let 7r be 
an element of G. Consider the dual coaction S n : C*{G) — ► C*(G) ® En.d(H n ). 
We want to compute S n (p ) in K (C*(G)). Since we have the isomorphism 
K (C* r (G)) S i2(GQ = K^(C) by [p,] ^ tt, we see [t(p )] = [p,]. Now let 
A be an inclusion matrix for A x a G C C(G) >HjG. It is actually a row vector 
because C{G) x a G is isomorphic to K(L 2 (G)). By the previous proposition we 
have M'(7r)A = AM(7r) for all n G G, where M' and M are the multiplicity maps 
for {A, G, a} and {C(G),G, 5} respectively. Let us take 1 <S> Po for a minimal 
projection of C(G) x^ G = K(L 2 (G)). From the first part of this proof we have 
n [Po] — [Ptt] — d n [po] in K (C(G) x^G). Hence the action M'(7r) is multiplication 
by d n and we get AM(7r) = d w A. Transposing it, we have M(7f) T A = d w T A. De- 
fine a vector c = T A. Let us take an index iq which corresponds to po in A x a G. 
Since 1 ® po is a ls° minimal in G(G) x^ G, we get Cj = A io = 1. □ 

We end this section with the following proposition. We use the same notations 
as before. 

Proposition 4.22. Let A C G(G) 6e a right coideal and take an eigenvector 
c = T A for its multiplicity map. If there exists an index j G / with Cj = 1, then 
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the reduced ergodic system ej(A ® K(L 2 (G)))e.,- is G-equivariantly embedded into 
C (G) . In particular it also becomes a right coideal of C (G) . 

Proof. Let po be a minimal projection in K(L 2 (G)) associated to the trivial rep- 
resentation. Since the ranks of ej and po in C(G) X5 G = K(L 2 (G)) are equal, we 
have a partial isometry v in C(G) XI5G such that it satisfies v*v = Cj and vv* = p$. 
Note that v belongs to C(G) x 5 G = (G(G)®K(L 2 (G))) G . Then we have a desired 
G-equivariant *-homomorphism ej(A ® K(L 2 (G)))e.,' — > G(G) ® Cpo defined by 
a \— > t>at>*. □ 

Remark 4.23. Let {A, G, a} and {5, G, /?} be two ergodic systems and 6 : A — > 
B be a G-equivariant *-homomorphism. Then it must be faithful as we see below. 
Let <£a and ips be the unique faithful invariant states. Since 6 is G-equivariant, 
ifB 9 is an invariant state. By its uniqueness we obtain = ip B o 6. Hence 6 
is faithful. 



5. Elementary results for SU q {2) 

In this section we summarize basic facts for SU q (2) for readers' convenience. 
Readers are referred to, for example, [Wol , M MNNUj for its basic theory and 
|Polt IPo2"l IKol INM] for the results on the quantum spheres or quantum subgroups 
in SU q (2). We adopt the same notation as JM MNNU] in this paper. We treat 
a real number q in [—1, 1] \ {0}. The smooth function algebra A(SU q (2)) is the 
universal *-algebra generated by four elements x, u, v and y with the following 
relations 

ux = qxu, vx = qxv, yu = quy, yv = qvy, 

uv = vu, xy — q~ l uv = yx — quv = 1, x* = y, u* = —q~ x v. 

Its universal G*-algebra is denoted by C(SU q {2)). We often use a positive oper- 
ator ( = —q~ l uv. We make A(SU q {2)) a Hopf *-algebra by defining coproduct 
5, counit e and antipode Hi cLS follows 

5(x) 8(u)\_fx(g>l u<g>l\ fl®x l®u 
8(v) 8(y)J~\v®l y®lJ'\l(g)V l®y 

e(x) e(u)\ _ fl 
e(v) e(y)J ~ [o 1 

k(x) k(u)\ f y —qu 
k{v) K,(y) J y— q~ l v x 

Then the pair SU q (2) = (C (SU q (2)) , 8) becomes a compact quantum group and 
it is often called the twisted SU(2) group. The maps 8 and e are extended to 
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C(SU q (2)) norm continuously and the map k is extended to C(SU q (2)) as a closed 
operator. Its Woronowicz characters {f z } z ec are given by 

'f z (x) f z (v,y 



fz{v) f z (y) 







\q\ 



for all z G C. 



The equivalence classes of irreducible representations SU q (2) are indexed by spin 
numbers v G |Z> and we fix a selection of irreducible representations {w(ir u )} u 
corresponding to spins v as follows. The representation space H v = H w r n \ is 
2z/+l-dimensional and fix the orthonormal basis } r ^i„ where the index set I v is 
{-v,-v+l, . . . Then we define the matrix w(it v ) eM(H v )®A(SU q (2)) 

by setting w(ir u )ij as follows. 



(1) Case i + j < 0, i > j: 

(2) Case % + j < 0, % < j: 

x~ i ~ j u j ~ i q { 

(3) Case % + j > 0, % < j: 



^-jX*-") 



-i) 


i/ + i 


2 


f ~ j 




y - j. 


I 2 


y-j. 


-J) 


v — i 


1 
2 


~v + j" 




J ~ K 


9 2 


J - *. 



v+i 



(C;<? 2 ), 



(C;g 2 ), 



v — i 


2 


V + j 


j ~ K 


<? 2 


j - i_ 


>j- 


1 




v + i 


2 


~v - J 


y - j. 


<? 2 


y-j. 



r:: 1 w) (C;<rV '</■'. 



v-3 



where we have used the q-binomial coefficients and the little q-Jacobi polyno- 
mials: 

{q]q)m -, (f;?)m=n(i -tf), 



rn 
n 



(q; i)n(q; q) m ~ n 



s=0 



r>0 

This yields the following formula 



• q)r(q a+1 ;q)r 
-Q) % ~ 3 wM-i-j 



for all tt u G SU q (2) and i, j G J„. For an integer n, we define the q-integer and 
its factorial by 



\q\ 


n 


\q 


—n 


\q 




q\ 


-1 



r , (n) q \ = (n)g(n- !),•••(!),. 



We summarize useful formulae as follows. 
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(1) f z (w(ir u ) r;S ) = S r)S \q\- 2rz , 

(2) a?(w(n u ) 7 , s ) = \ql 2{r+s ^wMr^ 

(3) r t (w(n u ) r , s ) = \q\- 2 ^ lt w{n u ) r , s , 

(4) R{w{n u ) ryS ) = {-l) r - s w{7T u )_ Sy _ r , 

for all z G C, t G R, v G ^Z>0 and r, s G 4. The F-matrix F^ v = (id<S>fi)(w(Tr v )) 
is equal to diag(g 2i/ , g 2 ^ -2 , . . . , q~^ 2v ~ 2 \ q~ 2u ). Hence we obtain D nv = {2v + l) q . 
In the spin v — \ case we have the following matrices 

o\{x) <7t(u)\ _ f\q\ 2lt x u 



a*(v) <J?(y)J I v \q\ 2it y 



T t (x) T t (u)\ _ ( x \q\ 2lt u 



Tt(v) T t (y) 



-2it„ 



R(x) R(u)\ ( y 



-V 



R(v) R(y)J \-u x 
For the calculation about the Haar state, we have 

h(C) = i i for all n G Z> . 

We recall the embedding of T into SU q (2) for — 1 < q < 1. The torus group T 
is identified with the set G C | |z| = 1} and its cyclic subgroup T m (m > 2) 
is generated by exp( 2 ^i). For -1 < q < 1 if 9 : C(SU q (2)) — ► C(T) is a 
restriction map, then it must be as follows. 

9(x) d(uf\ = (z 0\ or (z 



9(v) 9(y)J ~ \0 zj V° z 

where z G T C C is a usual coordinating map. Let ttj and tt' t be the first 
and second restriction maps in the above equalities, respectively. T is called the 
maximal torus subgroup of SU q {2) and we always treat it with the restriction 
map ttj. Note that quotient space T \ SU q (2) or T m \ SU q (2) do not depend 
on the choice of 7r T or n' T . The quotient space C(T \ SU q {2)) is often called 
the canonical homogeneous sphere, which is generated by {w(7r 1 ) 0>r } re / 1 . The 
quotient space C(T 2 \ SU q (2)) is denoted by C(SO q (3)) which is also a compact 
quantum group by restricting the coproduct 5. We can easily see C(SO q (3)) 
has the spectral pattern: @kei >Q {^ + ^) n k and hence it does not depend on 
positivity or negativity of the parameter q. In fact we have an isomorphism 
E q : C(SO q (3)) — > C(SO- q (3)) as compact quantum groups defined by the 

(x u\ ( a b \ 

v J and [ A are fundamental 

32 



representations of SU q {2) and SU- q (2) respectively: 

g{x 2 ) y/1 + q 2 E q (xu) 

q 2 E q (xv) H, (1 + (q + a/ 1 + q 2 E q (uy) 




+ q 2 ac 1 — (g 



c 2 




With this isomorphism, we often identify SO q (3) with 50_ g (3). 

Now we recall classical results on closed subgroups of 577(2). Let us use the 
Pauli matrices 

l\ fO -A A 



They give an orthonormal basis for a three dimensional real vector space 1R 3 = 
Ro-i + Ra 2 + Mor 3 . We define a double covering tti : SU(2) — > 50(3) by the 
adjoint action ivi(g)(a) = gag -1 for all g G SU(2) and a G IR 3 . For a subgroup 
i7 C 5*0(3) we write H* for its inverse image by 7i"i and such a subgroup is called 
a binary subgroup. A symmetric group and alternative groups At, 5 4 and A 5 
are embedded into 50(3) as the tetrahedral group, the octahedral group and the 
icosahedral group, respectively. The group D m (2 < m < oo) is a dihedral group, 
and T and T m (2 < m) are the ordinary torus and the cyclic groups of order 
m. In SU(2) all the closed subgroups are conjugate to one of the trivial group 
1, the cyclic group T n , SU(2), the maximal torus T, the binary dihedral group 
-Dm (2 < m < oo), the binary tetrahedral group A\, the binary octahedral group 
SI and the binary icosahedral group A* b . Since we need explicit embedding of T n 
and D n in the final section, we prepare a few notations. Let us define rotation 
matrices 



I2fa\ _ I e U \ „23fa\ _ ( cos 9 — zsm^ \ „13^\ _ / cos § sm 



e*2 / \— 2 sin 2 cos 2 / V — sm | cos 



where 7Ti(r u '(0)) gives the rotation of angle 6 in tXj-Oj plane. The cyclic group 
T n is specified by two angles x an d i> and denoted by T*'^. It consists of rota- 
tions of the angle ^ around the axis; — cos x sin ipa\ — sin x sin tyo-i + cos ifta^. 
The dihedral group D n is specified by three angles 0, x an d ^ an d denoted by 
D^ ,x ^. It is generated by T*'^ and the rotation of the angle n around the axis; 
cos (f) cos x cos i>Pi + sin (/> sin x<t 2 + cos sin ^0-3. By definition we have = 
Ad(vr 1 (r 12 (x)r 13 (^)))(T0'°) and Dfr*** = Ad(7r 1 (r 12 (x)r 13 (^)r 12 (0)))( J D°' ' ). 

In |Po2j he has classified all the quantum subgroups of SU q {2) for — 1 < q < 1. 
We summarize it for readers' convenience and analysis on 577_i(2) later. 

(1) < |g| < 1 case. Its quantum subgroup is one of 1, T m (m > 2), T, and 
SU q {2). For T m (m > 2) and T, their restriction map is iij or tt' t . 
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7 a 



(2) q = — 1 case. For g — [ a — ) G 577(2), define the *-homomorphism 



^ : C(S'E/_ 1 (2)) — >B(C 2 ) by 



u a (xj t^un _ / qjcti 702 
^(^) v g (y)J \<ya 2 a.a x 

Now we define the irreducible representation r g of C(S77_i(2)) as a C*-algebra. 
They give all irreducible representations of C(S77_i(2)). 

(i) a, 7 7^ case. r g = v g 

(ii) a = case. r g : C(5 , C/_i(2)) — ► C is 

T g {x) r g (u)\ = /0 7 

(iii) 7 = case. r g : C(S77_i(2)) — ► C is 

T g (x) r g (u)\ _fat 
T 9 (v) T g (y)J \0 a 

For a compact subset Z C SU(2) we consider the direct sum representa- 



tion ti z = ® g&z ii g . In |Po2t Proposition 2.4.], it is characterized when ti z ■ 
C(SU-i(2)) — >■ iy z (C(SU_i(2))) gives a restriction map to a quantum subgroup. 
We write C(G Z ) = 7i z (C(SU_i(2))). Before a summary we study the embedding 
T n C SU-i(2) a little. For a G C(5'L r _i(2)) and g G T n we write simply a(g) for 
r(a)(g) where r is a restriction map. Let g be a generator of T n . Since we have 
xv = —vx, x(g) = or v(g) = 0. We consider v(g) ^ 0. By the definition of 

the restriction map we have J = (o ij- This shows n must be 2. We 

denote the restriction by ttd 1 - Hence if n > 3, the embedding of T n is unique and 
if n = 2, two embedding arises. Since in this paper notations T and T n are used 
for the maximal torus and its cyclic subgroups, we prepare the notation Di for a 
subgroup of order 2 which is embedded by tid 1 - Of course subgroups D\ and T 2 
are isomorphic, however, right coideals by them are not isomorphic. 

(a) C{Gz) is an abelian C*-algebra case (that is, G z is an ordinary group), 
then G z is (isomorphic to) one of trivial group 1, the maximal torus T, the cyclic 
groups T n (c T)(n > 2), Di and dihedral groups D n {2 <n< oo) containing T„. 
(This isomorphism gives the conjugation (3^ on right coideals by them.) About 
D n (l < n < oo) its corresponding subset Z Dn is {r 12 (^),r 12 (^)r 23 (n) \ < 
k < n — 1}. Note that Z Dn is not a subgroup in SU{2) if odd n. If G z is not T n 
or D n (odd n), Z is a binary subgroup and it shows the spectral pattern of the 
right coideal C{G Z \ SU-\{2)) consists of integer spins. If G z is, then it also has 
half integer spin parts. 

(b) If C{Gz) is a non-abelian C*-algebra, Z is one of binary subgroups whose 
image by tti is listed in |Po2t p. 11]. Note that it depends on the embedding 
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of a closed subgroup into 50(3). Then it is known that C(G Z \ S77_i(2)) C 
C(S0^(3)) and \ SU.^2))) = C(H \ S0 1 (3)). 

The quantum universal enveloping algebra U q (su 2 ) is generated by four ele- 
ments k, /c -1 , e and / which satisfy the following relations: 

/c/c — — 1 — — fv Jv ? 

kek~ x = qe, kfk~ x = q~ x j , 

, t k 2 - A;- 2 

e/-/e= — ■ 

9-9 

U q (su 2 ) is realized as a Hopf *-subalgebra of the algebraic functional space 
A(S'C/,(2))* as follows. 

(1) g > case. 

fc ±1 (w(7r l/ ) r . !S ) = g Tr 5 r , s , 
e(«;(7r I/ ) r)S ) = 5 r +\, a yJ (y + s) g (u - s + l) q , 

f(w(7T u ) r>s ) = 5 r _i, s y \v ~ S) q (u + S + 1),. 

(2) g < case. 

fc ±1 (iu(7r I/ ) r)1 ,) = g Tr 5 r ,s, 



e(w(vr iy ) riS ) = 5 r + liS V-i 2u+1 ^j(v + s),(i/ - s + 1)„ 
f(w(ir u ) r , s ) = Sr-i^y/^l 2U+1 \J (v - s) q (u + s + l) q , 

2n 

where g n = V - 1 (— 9) n fc> r a half integer n. The Hopf *-algebra structure of 
U q {su2) is given by 

(1) k * = k, e* = f, f* = e, 

(2) S(k) = k <g> fc, 5(e) = e <g> fc + A; -1 <g> e, <5(/) = / <g> k + k~ l <g> f, 

(3) k(k) = k~\ k(e) = -qe, «(/) = -g" 1 /- 

Hence U q {su2) is a Hopf *-subalgebra of A(S , f/ g (2)). For a smooth corepresenta- 
tion of A(SU q (2)) a : K — ► K®A(SU q (2)), we prepare ?7q(sM 2 )-module structure 
on K by = (id(E>0)(w£) for all G U q (su2) and ^ E K. This representation of 
U q {su2) is called a differential representation of a corepresentation (a,K). Con- 
sider irreducible representation (w(ir v ), H u ) and we have the following formulae 
about its U q {su2) -module structure. 



k ±l ■ C = q* r Cr 



(1) q > case. 

e • C = yV + r^-r + lUr-i , 

/ " C = ^-^(z. + r + l^C+i • 
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(2) q < case. 



r ' 



e • C = V=T 2v+1 \l [v + r ) q (u-r + l) q ^ , 



"V 



for all r G l v . For a half integer n a vector £ 6 K is called a highest weight 
vector of weight n if it satisfies • £ = g n £ and e • £ = 0. For example, the 
vector f^_ v G H u is a highest weight vector of weight v. It is well-known that a 
tensor product U q (SU2) -module H^®H„ is isomorphic to the direct sum U q (su2)- 
module ©| At _ ;y |<^< At+ly -Hi, where £ runs through half integers. If we want to make 
a highest weight vector of Hi from those of and H u , the following well-known 
lemmas are useful. 



Lemma 5.1. For positive q, consider the tensor product U q (su2) -module H^®H V 



Let £ be an integer with \ji — u\ < £ < /i + v. Define the coefficients {C l ) r for 



0<r<fi + u — £ by 



( C ^-q> (-9 ) HA/ [t) q {2u-t + \) q 



t=i 



Then a vector rf = J2r=o e (C^ u ) r £^ +I/ _ r <S> £- v + r is a highest weight vector of 
weight £ in <g> H v . 

Proof. The action of U q (su2) on ® H v is given via coproduct. With this, we 
can easily justify k ■ rf = q~ l rf and e • 77 — 0. □ 

We state a negative q version of Lemma 15.11 as follows. 

Lemma 5.2. For negative q, consider the tensor product U q (su2) -module H^®H V . 
Let £ be an integer with \fi — u\ < £ < fi + u and £^ and ^ be vectors of copy of 
7r M and tt u respectively. Define the coefficients (C*) r for 0<r<fi + u — £ by 



(n i \ _ -^e+i)^+u-e), .(.^rfwjTT / (n+v-e+l-t) q (fi-v+e+t) q 
(C ^ )r - g ° % 11 V (t) q (2u+l-t) q ' 



t=i 



Then a vector rf = Xlr=o (.^tv)rC-e+u-r ® £-v+ r i s a highest weight vector of 
weight £ in ® H v . 

Let Y M be a linear space of ^-eigenvectors of C(SU q (2)). We prepare the no- 
tation of eigenvectors w% := (w(7T tJ ) rjt ) te i for r G i^. They give an orthonormal 
basis of Y^. Let us consider a covariant system (A, SU q (2), a). For its eigenvector 
spaces {X„} ve i z we define the product of eigenvectors ^1 : X M x X v — > by 
using Lemma 



-v 
-u+r 

r=0 
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for all eigenvectors £ M and where the coefficients ) r are given in Lemma 
15. f I and Lemma 15721 In |Polj . he has classified ergodic systems {A, SU q (2), a} 
with dimA^ = 1 and A = C*(A m ) for \q\ < 1. It is uniquely determined up 
to 5£/q(2)-isomorphism and is called the quantum sphere. We summarize his 
classification. Let X ni be the 7Ti-eigenvector space. Since this is one-dimensional, 
we can take the (unique) 7Ti-eigenvector £ with the following properties: 



T& = &, (6,6) = 1, *i(&,&) = A6 



where A is a non- negative real constant. From the second assumption the C*- 
algebra A is generated by (£a)-i> (£a)o an d (£a)i- Write A for (g _1 — q)~ 1 \. For 
n G Z>i we define a positive number c(n) = 9 , +g =. Then the classification 

is done as follows. 

Case 1: If Ao > 1, then there exists n G Z>i such that A = c(n) and we 
obtain a G-isomorphism A = End(H nn ). In this case the spectral pattern of A 

is 7T © 7Ti © • ■ ■ © 7T n . 

Case 2: If < A < 1 and g > 0, then the map £\ = (£a)o> (Ca)i) l— ^ 

^o,—Q^\J "(2^) ' u '( 7r i) gives a G-equivariant embedding A 
C(S't/ 9 (2)). In this case the spectral pattern of A is ©^Zx,^- 

Case 3: If < A < 1 and q < 0, then the map 6 = ((£a)-i> (£a)o> (£a)i) l— * 
^(— g)5 y^i^a, Ao, (— ?)~^'\/"{if a ) ' M^i) gi ves a G-equivariant embedding A <^-> 
C(SU q (2)). In this case the spectral pattern of A is ©£ 6 z>„^- 

In this paper we use the notation G(5^ A ) for the right coideal which is defined 
in the above case 2 and 3. In the proof of Lemma 15721 we obtain a ^-eigenvector of 
G(T '^ \ 5*0(3)). Comparing it with the above embedding, the quantum sphere 
C(Sg X ) is considered a g-deformation of G(T '^ \ 5*0(3)) with the parameter 
A = cosip. If A = 1, C(S q fq-i- q )-i) becomes the canonical homogeneous sphere 
C(T\SU q (2)). Let be a left action of the maximal torus on C(SU q (2)) defined 
by (ev^ o7Tt © id) o 6 for all z G T. It satisfies (/3^ © id) o 6 = 8 o /3^, that is, 
(3% gives an 5L^(2)-isomorphism. Note that all embeddings of quantum spheres 
into C(SU q (2)) are obtained by rotations of (3 L for the above given embedding. 
Similarly we define the right action f3 R of the maximal torus by f3 R = (id ®7Tj) 08. 

We show the list of all the connected graphs of norm 2 in the Appendix. For 
its classification readers are referred to |GHJt Lemma 1.4.1]. The labels except 
for A' m correspond to closed subgroups of SU{2) or S77_i(2) by their McKay 
diagrams about fundamental representation iri or multiplicity diagrams of the 
right coideals obtained by quotients. We will see later that type A' m does not 
occur even if we investigate right coideals. 
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Remark 5.3. We discuss the absence of A' m (3 < m < oo). Let C(G) be a com- 
pact quantum group which has an irreducible unitary representation w generat- 
ing R{G) (that is, C{G) is a compact matrix pseudogroup Wo3j. We consider 
a compact quantum subgroup C(H) whose McKay diagram about w is of type 
A' m { m > 3). We simply denote the restriction of w onto H by w\h- Now vertices 
in A' m corresponds to the irreducible representations of H and let po,pi ■ ■ ■ be 
the irreducible representations from the left side in the Figure El El Since the 
entries of the Perron-Frobenius eigenvector are equal to the dimensions of the 
corresponding irreducible modules, H must be a group. By definition of McKay 
diagram, w\h ■ Po = Po + Pi holds. Hence we have w\h = + piPg 1 where is the 
trivial representation. Then it yields w\h ■ Pi = Pi +P1P0 Vi> an d this shows there 
must exist a single loop at p x . Hence the McKay diagram of type A' m (m > 3) 
does not appear. 



6. Classification of right coideals of C(SU q (2)): < q < 1 case 

In q — 1 case the main theorem of |Wa2t p. 309] says that any ergodic 
system of SU(2) is an induced system {End(W), H, j3} where if is a closed 
subgroup of SU(2). A closed subgroup H is conjugate to one of l,T n (n > 
2),T, SU (2), D*(n > 2), D*^, A%, S* 4 and A* 5 . Their corresponding multiplicity 
diagrams are exactly their McKay diagrams. In < q < 1 case there are a lit- 
tle quantum subgroups of SU q (2) \Po2[ Theorem 2.1.]. So we are interested in 
the absence of some multiplicity diagrams in the table. Finally we obtain the 
following results for right coideals. 

Theorem 6.1. Let A C C(SU q {2)) be a right coideal. Then its multiplicity 
diagram is one of type 1, T n {n > 2), T, SU{2) and D^. If it is of type T, then it 
is one of the quantum spheres. Otherwise it is unique up to conjugation by (3 L . 

Now we start the proof of Theorem 16.11 First we show that there do not exist 
right coideals whose multiplicity diagrams are of type D^{n > 2), D^, A\, SI 
and A* b . Second we classify right coideals whose multiplicity diagrams are of type 
1, T ra {n > 2), T, SU(2), D^. In all cases we make use of products of eigenvectors. 

(I) A\ case. A has a spectral pattern 7r © 7r 3 © 7r 4 © 27r 6 © n 7 © ■ • • . Like 
the discussion of |Wa2l p. 321], we focus on spectral gaps: 7ri,7r 2 and 7r 5 . We 
will soon notice the importance of using the both of even and odd spin. Let 
V = (jj r ) re j 3 be a self-conjugate 7r 3 -eigenvector of A. Take scalars {c r } re / 3 such 
that i] r = J2 s eh c s w ( n 3)s,r for all r G I3. Applying Lemma I3TT1 we obtain the 
following highest weight vectors 

^5{v,V)-5 = q~ 3 il~2il-3 - q 3 ri-3il-2 , 
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, /(4) 9 (3)« (4),(3), 



*i(?7,?7)-i =g 5 ?72?7-3 - <? 

, -i / (4) g (3) g / (4) g (3) g 

They are actually vectors because of the absence of spectra. Applying the 
lowering operator / G U q (su 2 ) to these vectors, we obtain 

/ ■ * 5 ( V , 77)_5 = V / (5),(2)^_ 1 r ? _ 3 + y^(<T 5 " ^-2 - yJ(5) g (2) q ri-3V-i , 
/ 2 • ^ 5 (77,r7)-5 = g 3 V / (4U3);W-3 + (<T 3 + ? _1 - q 7 )y/@)Mffi~0-iV-2 
+ ( 5 -7 _ 5 _ g 3 ) v /(6),(5) 9 (2)^_ 2 7 ? _ 1 + g- 3 v / (4U3);^3% 

and 

^WJ ■ * 1 (r ] , r)U = g- 2 (6) gW 7- 3 + ( " ^ 1 (5),(2), + g- 3 (6) 9 )^_ 2 
+ ((4) s (3) s - g- 2 (5),(2),)^_ 1 + Or 1 - g)(4) 9 (3)^ 2 
+ (g 2 (5),(2) g - (4),(3),)»7-i77i + (<7(5),(2), - ? 3 (6),)? 7 _ 2 7 72 - 

Recall a surjective *-homomorphism 7r T : C(SU q (2)) — > C(T). It sends 
w(7T I/ ) rjS to 5 r ^ s z~ 2r for z/ G |Z> and r, s G l v . Then we have 7Tir(^r) = z~ 2r c r 
for r G I3. From = 7Tt(/ • ^5(1], ?7)-s), we obtain c_ 2 = 0. Then from 
= 7r T (*i(?7,77)-i) = 7r T (/ 2 • ^5(77, 77)_ 5 ), we have c_ 3 c = c„ic = 0. If c is 
not 0, then c„ 3 and c_i are equal to 0. Hence {c r } rg / 3 are all zero except for 
r = 0. From = i\j(f ■ ^1(77, ?7)_i) we have c = 0, this is contradiction. There- 
fore c must be 0. Then the last equality deduces to (6) g c 3 c_ 3 = (5) g (2) g cic_ 1 . 
Because of the self-conjugacy of i] we have c_ 3 = — q 3 Cs and c_i = —qc{. Then 
we have 

(6) 9 |c 3 | 2 = g- 2 (5) 9 (2) g | Cl | 2 . 
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/ (5)«(2), n 



( 5),(2X 
(6), 



?7-2?7i - g ^7-3^72 



From the second one we get 



We can easily see that there does not exist a solution of the above two equalities 
except for the case C3 = c\ = 0. Therefore we have proved no existence of right 
coideal of type A\. 

Remark 6.2. If we consider the g=lorg = — 1 case, then products of integer 
spin eigenvectors to odd integer spin eigenvectors become a trivial zero map. 
Therefore arguments in the above and below are non-trivial only in the case of 

(II) SI case. A has a spectral pattern 7r © 7r 4 © 7r 6 © n 8 © n 9 © 7r 10 © • • • . There 
are spectral gaps of ir u for v = 1,2,3,5,7. Let rj = (r] s ) sel4 = J2 s( z l4 c s w^ be a 
non zero self-conjugate ^-eigenvector of A. We derive contradiction by showing 
the coefficients c s are all zero. Let us consider eigenvectors 



V ( 8 )« 



*2(»7, ^)-2 = -q-\l ^V7-3 



-3 / (6) 9 (5) 9 (4) g (3) (5) g (4) g 2 

(8),(7%(2), ^"TOW" 1 



3 (6) 9 (5) 9 (4) g (3) (6),(3) 9 

f q « (8),(7),(2), - 9 V ^)T^- 3 + ^ 
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They are in fact vectors by the gap at each spectrum. Applying lowering 
operator / to these vectors, we get 

/ • * 7 (r),v)-7 = yj(7) q (2) g r,_ 2 r,_ 4 + (q~ 7 - q 7 )^)^ - sj '(7) g (2) q r,_ 4 r,_ 2 , 



f ■ Mv,vU =?- B V(5) ff (4) s ^_ 4 + g " 10(8) ^ 6)g(3)9 ^-3 

-9 5 \/(5) t (4),))_4i)o, 

+ ((5),(4)„-^7W2 Wl |||k- w _ 2 

+ ( g - 3 -«? 3 )(5) g (4) (6 ^ 3) ; 

(8^(7^(2),, 

+ (g 6 (7),(2) 9 - (5) g (4) g ) 
vW 77-3771 ~ 9 ^ 3 )^- 47 ^ 2 ' 



1 g- 1 (6) 9 (3) 9 -g- 3 (7) 9 (2) ' g- 2 (6) g (3) 9 -(5) g (4) 

+ ts: ^ 2 + vm 77177-1 

(q-q-^UA) (5) g (4) g -g 2 (6) g (3) 

+ ^ Wo + 77-1771 

g 3 (7) g (2) 9 -g(6) 9 (3) g 2 (7) g (2), - g 4 (8) 

+ 77-2772 + 77-3773 



9 s 'yjfikv-m ■ 
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Applying 7r T to these vectors, we obtain the following equations: 
(6.1) c_ 3 = 0, 



(6.2) (g~ 5 - g 5 ) V / (5) 9 (4) 9 c c_ 4 + (g 5 - g" 5 ) , / ^^^f 9 ^ 



V_ 2 = 



(6.3) (g- 6 - g 6 )V(6) ? (3) 3 c 2 c_ 4 + (g 6 - ^ 6 )^|^ c_ 2 

(g- 1 -g)(6) <? (3) 9 -(g 3 -g- 3 )(7) 9 (2), 



(6.4) (g- 3 - gV(8) g c 4 c_ 4 + ^ W « ^^ c 2 c^ 

, (g- 2 -g 2 )(6) g (3) 9 , (g - g- 1 )®,^), 2 



Also noticing c_3 = 0, we get the following equations via original eigenvectors 
ty v (Vi V) f° r ^ = 5,3, 2: 

(6.5) (g- 9 -g 9 ) C _ lC _ 4 = 0, 

(6.6) (g- 10 - g 10 )c lC _ 4 + (g~ 2 - g 2 ) ^} c_ lC _ 2 = , 

(6.7) (g + g )c 2 c_ 4 + (g + g ) ] j ^ " ( 8 ) 9 (7) 9 (2), C - 1 " °" 

From ()6.5|) c_i or c_ 4 are 0. If c_ 4 is 0, then we have c_ 2 = c_ 4 = c = by ()6.2|) . 
()6.3|) and ()6.4|1 . This is contradiction. Hence c_ 4 is not and c_i is equal to 0. 
Next we can derive c 2 c_ 4 = coc_ 2 = by ()6.3j) and ()6.7j) . Then we have c_ 2 = 0. 
This yields c = through (|6.2|) . Finally we get c_ 4 = by (|6.4j) . however, this 
is a contradiction. 

(Ill) Al case. A C*-algebra A has a spectral pattern 7r ©7r 6 ©7r 10 ©7r 12 ©- ■ ■ . Let 
V = (Vs)s£i 6 = J2seh CsW& s be a non-zero self-conjugate 7r 6 -eigenvector. Equality 
C-s = (— g) s cj follows from the self-conjugacy. We show coefficients c s are all zero 
and derive contradiction. In order to do it we make use of spectral gaps at tt u for 
v = 11,9,8,7,4,2 and 1. 

First we see the gap at 11. We construct a 7Tn-eigenvector \I>ii (77,77) and apply 
the lowering operator / to ^11(77, ^)-n- Then we have the following equalities 

*n(»7,»7)-ii =q~ 6 V-5V-6 - q 6 V-eV-s , 
/ ■ * n (7i, n)-n = V / (H),(2)^_ 4 7 ? _ 6 + {q- n -q n )^) q rt 5 - yj(ll) q (2) q r,^r,. 4 . 

Applying 7Tx to the second one, we get c_5 = . 
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Next we see the gap at 9. We make ^9(77, r])-g and / • ^ 9 (ri,r])_ 9 as follows. 

^1^*9(77, 77)_ 9 =g- 15 v / (12)^r / „3^6 - <T 5 y / (10) 9 (3)^4^5 

+ g 5 v / (10) (? (3) g r / _ 5 r / _ 4 - q 15 ^U^rj^s 
y/i^Uf • ^ 9 (77, 77)_ 9 =g' 9 v /(12),(9) 9 (4)^_ 2 r / _ 6 + (g- 18 (12) 9 - (10),(3) g )r^-5 

+ (g 9 -g- 9 ) V / (H),(10) (? (3) g (2) g r / _ 4 r / _ 4 
+ ((10) 9 (3) 9 -g 18 (12) g )r / _ 5 r / _ 3 - g 9 yJ(l2) g (9) q (A) q r,^r,. 2 . 

Applying 7Tt to the first one, we get c_3C_ 6 = 0. Similarly from the second one 
we get the following equality 

(6.8) ^(12),(9) 9 (4), C _ 2 c_ 6 - y / (ll),(10) g (3) ? (2) ? c 2 _ 4 = . 

Next we look at the gap at 8. In this case we need two operators 

)/( 12 )*(ll) ff (2) ff *8fa,i7)-8 
= g- 18 V / (12) g (ll),(2) (? r / _ 2 r / _ 6 - q- 9 yJ{ll) q {9) q {4) q (2) q r,- 3 r,- 5 
+ V / (10),(9) 9 (4) (? (3) g r / _ 4 r / _ 4 - q 9 V / (ll) 9 (9) (? (4),(2)^ 5 r / _ 3 
+ g 18 V / (12) 9 (ll),(2)^_ 6 ^ 2 , 
^(12),(ll),(2),/ 2 -¥ 8 fo,77)_ 8 
= <T 6 V / (12),(11) 9 (8),(7) 9 (6) 9 (5) (? (2) (?W _ 6 

+ ((g~ 13 + <T 15 )(12) 9 - ?(9) s (4) s ) V / (ll) 9 (8) 9 (5) g (2) g r / _ 1 r / _ 5 
+ {g 8 (10y9) g (4y3) 9 + g- 22 (^ 

+ ((10) s (3) g - (g- 15 + g 15 )(ll) (? )(2), v / (10) 9 (9) g (4),(3) 9 r / _3^3 

+ {g- 8 (10) 9 (9) (? (4) f ,(3) g + g 22 (12) 9 (ll) ? (2) g - (g 6 + g 8 )(ll),(8) 9 (4) (? (2) g }r / _ 4 r / _ 2 

+ ((g 13 + g 15 )(12) g - q-\9) q (4) q ) > /(ll) 9 (8) s (5) ff (2) s i 7 _ 5 i 7 _ 1 
+ g 6 v / (12),(ll) 9 (8),(7) g (6) 9 (5) (? (2) (; r / _ 6 r / o. 
From the first equality we get the following one 

(6.9) (g" 18 + g 18 ) > /(12) s (ll) s (2) s c_ 2 c_ 6 + ^/(10),(9),(4),(3),£ 4 = . 



Equalities ()6.8|) and ()6.9|) shows c_ 2 c__ 6 = and c_ 4 = 0. Hence by the above 
second equality we get 

(6.10) (g- 6 + g 6 ) V / (12) g (ll) 9 (8) g (7) g (6) f ,(5) q (2) g c c_ 6 

+ ((10) ff (3) 9 - (g- 15 + g 15 )(ll) g )(2) gV / (10) g (9),(4) (? (3) (? c!3 = 0. 

Next we see the gap at 7. The operators (12) 9 (ll) g (2)q ^7(77, r?)_7 and 
v /(12),(ll) 5 (2),/ • V 7 (ri,7i)- 7 are as follows. 

^/(12),(ll),(2),* 7 (f7,f7)_ 7 

= g - 20 v /(12) 9 (ll) ff (2) g 77_ 1 7 7 _ 6 - g- 12 v /(ll) g (8) g (5) (? (2)^_ 2 r ? _ 5 
+ 9" 4 V / (9) g (8) g (5),(4) 9 r / _3^4 - g 4 V / (9) 9 (8) g (5) 9 (4) 9 ^_3 
+ g 12 v /(ll),(8),(5) 9 (2),r/_ 5 »7-2 - g 20 V /(12),(ll) 9 (2) (? 77_ 6 7 7 _ 1 , 

^/(12),(11),(2),/ ■ * 7 (V,VU =g- 14 V / (12),(ll) 9 (7) g (6) g (2) gW _ 6 

+ (<T 21 (12), - g- 7 (8) g (5),) v / (ll) f/ (2) g r / „ 1 ^ 5 
+ ((9) s (4)„ - g- 14 (ll) g (2),) v / (8),(5) 9 r ? _ 2 ^ 4 
+ (g -7 - g 7 ) V / (10) g (9) (? (8) g (5) ? (4) 9 (3) g r ? _3^3 
+ ((9),(4), - <T 14 (11), (2),) yj (8),(5),77_ 4 »7-2 
+ (g 7 (8) 9 (5) g - g 21 (12) 9 ) ^/(l l) f? (2),7 7 _ 5 r 7 _ 1 
- g 14 V / (12) 9 (ll),(7) g (6) 9 (2)^ 6 r ?0 . 
From the second one we get the following equation 

(6.11) 0T 14 - g 14 )^/(12) 9 (ll) (? (7) 9 (6) g (2) (? coc_ 6 

+ (? -7 ~ g 7 ) V / (10) 9 (9) g (8),(5) 9 (4) (? (3),c 2 3 = . 

On equations (|6.10J) and (j6.11j) we can easily show that the determinant of the 
following matrix is not for < q < 1 

( (<T 6 + <? 6 ) ((10),(3) g -(g- 15 + g 15 )(ll) g )(2U 
V(T 14 -<? 14 ) (g- 7 -g 7 )(8) g (5) g ) ■ 

Hence we obtain coC-q = and c_3 = 0. 

44 



Next we see the gap at 4. We use an eigenvector ^4(77, 77) 

^/(12), (11), (10), (9),(4),(3), (2), 4 fo, V U 

= g- 20 V / (12) 9 (ll) g (10) 9 (9) 9 (4) 9 (3) 9 (2) 9 ^_ 6 

- g" 15 V / (ll) 9 (10) g (9) g (8) 9 (5) g (4) g (3) (? (2)^_ 5 
+ g- 10 V / (10) g (9),(8) g (7) (; (6) g (5) (/ (4) g (3) gW _ 4 

- ^ 5 (7),(6) (?V / (9) 9 (8) g (5) (? (4) (? r ? _ 1 ^3 
+ (8),(7) g (6) 9 (5)^ 2 2 

- g 5 (7) 9 (6), V / (9) 9 (8) (? (5) g (4) M -i 

+ g 10 V / (10) 9 (9) 9 (8) g (7) 9 (6) g (5) g (4) g (3) M o 

- g 15 V / (H) 9 (10) (? (9) (? (8) (/ (5) (? (4) (? (3) g (2) (? r ? _ 5 r ?1 

+ g" 20 V / (12) g (ll) 9 (10) (/ (9) 9 (4),(3) g (2)^ 6 r ?2 . 

We know c 2 c_ 6 = because of c_2C_6 = 0. Hence the above equality derives 
c_ 2 = 0. 

Next we see the gap at 2. The operator \J/ 2 (?7, ?7)-2 is 
^(12),(ll),(2),¥ 2 fo,i7)_ 2 

= g- 15 v /(12) g (ll) g (2) gW _ 6 - g- 12 V / (ll) 9 (10),(3) g (2) gW _ 5 
+ g- 9 V / (10),(9) 9 (4) (; (3) (? r ?2 r ? _ 4 - g-y(9),(8) 9 (5),(4),^_ 3 
+ ?-V(8),(7),(6),(5), W _ 2 - {7)q(6i)qV-l 
+ <?yJ(Z) q (7) q @U5) q V-*no ~ ?V(9),(8),(5),(4),»7_3»7i 
+ g 9 V / (10) 9 (9) 9 (4),(3) M2 - g 12 v /(ll) g (10) g (3) g (2)^ 3 
+ g 15 v /(12) (? (ll) (? (2) (? r ? _ 6 r ?4 . 

This shows c_i = 0. 

Finally we see the gap at 1. The operators ^1(77, 77) _i and / • ^1(77, 77) _i are 

y'O^ (77, 77) _ ! = g" 11 ^12^77577-6 - g- 9 ^/(llj^ W -5+g- 7 V ^10)^r73^-4 

- g - 5 v /(9) ? (4) ? 77 2 77_ 3 +g-y(8) 9 (5) ? 77 1 77_ 2 - ? -y(7),(6) ? 77o77- 1 
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+ g y(10),(3),J7_ 4 773 - gy(ll),(2),J7_ 5 7 74 - <? n y/^Uv-em , 

= q- 5 (12) qV6V ^ + {q-%12) q - q'\ll) q (2) q ) V5V _ 5 

+ (g- 3 (10),(3), - g- 5 (ll) g (2) g ) w _ 4 + (<T 4 (10) 9 (3) 9 - <T 2 (9) 9 (4) 9 ) W -3 

+ (^ 1 (8) 9 (5) g - <T S (9) ff (4) s )ifeiM + (q- 2 (8) q (5) q - (7) 9 (6) ff )ifriM 

+ (Q- ?" 1 )(7),(6) 9 7 70 7 70 + ((7),(6), - g 2 (8) 9 (5),)7 ? _ 1 ^ 1 

+ (g 3 (9) g (4) g - g(8) (? (5),)7 ? _ 2 r ?2 + (g 2 (9),(4), - g 4 (10) 9 (3) 9 )^ 3 % 

+ (g 5 (ll),(2), - g 3 (10) 9 (3),)^ 4 + {q\ll) q (2) q - q 6 (12) q )rj- 5 rj 5 

Since we have c s = for s = 5, 4, 3, 2 and 1, the above equality shows 

(g" 5 - g 5 ) (12) ? c 6 c_ 6 + (q - q' 1 ) (7) q (6) q c 2 = . 
We also know coCq = because of coc^q = 0. Hence we obtain c_6 = Co = 0. 

(IV) case. We conclude that this case actually occurs and a right coideal 
of this type is unique up to conjugation by (3%. 

Lemma 6.3. Consider the quantum sphere C(Sg ). Then a vector 
zs a ^-eigenvector of C(S qQ ). 

Proof. Recall a highest weight vector of weight 1 (£o)-i i n C(Sq,o)i (£o)-i = 
<72^/(2) 9 1 x 2 — g~5 ^/ (2) 9 \; 2 . Then we can easily compute a highest weight 
vector of weight 2 in C(S qfi ) as follows, (£q)-i — ?(2)g 1- w(7r 2 )_ 2 _ 2 — (q~ 2 + 

g 2 ) A /(4y" 1 w;(7r 2 ) 0i _ 2 + g- 1 ^)- 1 ^^ _ 2 . Multiply (2) qV ^j q l to both sides we 
get the desired highest weight vector. □ 

Let £ = (£_i, £o) £i) De the canonical 7Ti-eigenvector of C(S q0 ). By its definition, 
{£r}re/i satisfies the following conditions 

(6.12) Ci = -qZi, Co = £o, £±i£o = <7 ±2 £o£li, 

(6.13) 6e-i=(?+?- 1 r 1 (9 2 & 2 -i), 

(6.14) ^i=(?+?- 1 )- 1 (?- 2 e 2 -i)- 

An embedding of C(S q0 ) into C(SU q (2)) is given by 

£ = (Vl + 9" 2 " 1 , 0, -a/1 + 9 2 " 1 ) w(7n) , 
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or more precisely 

£_! = a/1 + q- 2 x 2 - a/1 + q 2 v 2 , £ = gxu - , 

£_i = v/i+ g - 2 ~v - xA+^y • 

Consider the smooth part of C(S 2 ), that is, the *-algebra generated by 
{Cr}reh- Denote it by B. Let Bq be a S , [/ g (2)-invariant *-subalgebra of B gener- 
ated by {^6}r,se/i- In |DK| Proposition 2.9.], it is shown that {^o'C-i} m,nEZ >0 
and {^o l £i i }m,nez> are basis for a vector space B. Since the *-subalgebra B e is 
generated by words of even length (this is because of the previous equalities), we 
see £ r is not in Bq for r £ I\. In particular, we have Be C £>. Let i?e be the norm 
closure of B e - By S*?7q(2)-invariance of B e we see that B e is also S'?7q(2)-invariant 
and B e C C{S 2 ^). Next we prove that 7r 3 -spectral subspace of £> e is 0. Since 
7^ is the highest weight vector in C(S 2 ) n3 , it is not contained in Be- Again 
S£/ g (2)-invariance yields that ^ 1 is not contained in B e . In a similar way we 
can prove that all the odd spin spectral subspaces of B e are 0. Of course, even 
spin spectral subspaces of B e are not because of ^ for all n € Z> . The 
spectral pattern @k& >0 ^2k follows from the spectral pattern of C(S 2 ) ®kez >0 ^k- 
Therefore, we have shown that Be is of type D*^. Next lemma says that a right 
coideal of -Dj^-type is unique up to conjugation of the automorphism (3%. 

Lemma 6.4. Let A C C(SU q (2)) be a right coideal of type D*^. Then there exists 
z G C such that A is (3^{B e ) . 

Proof. By assumption A has the spectral pattern 7roffi7r 2 ©7r 4 ©- • • . In the following 
discussion we do not need to use the gap at 7r 3 . Let r\ = (r] s ) sGl2 = ^2 s£l c s w 2 
be a self conjugate 7r 2 -eigenvector of A. We consider zero vectors ^1(77, rf)-i and 
/ • ^1(77, 77)_i- They become as follows. 



MV, V)~i = <T 3 V1V-2 - q y V0V-1 + <?y - <? 3 ^1 , 

/ • tfifo, = g- 1 772^-2 + V 2 (4) 9 - (3),!) 77^-1 

+ \/(^ '(Q-Q^WVo + ^h \(3) q \-q 2 (±) q )r)-iVi 

Apply the map 7Tt to the above equalities and we obtain 

(g- 3 - g 3 )c lC _ 2 + (q - j|Sc_ lCb = , 

(g- 1 - g)y / (4)^c 2 c„ 2 + (<T 2 - g 2 )^(4j~ciC_i , 

+ (g-g- 1 ) v /(4^ l (3) 8 !c8 = °- 
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For simplicity, we may assume that C\ is a real number by applying a conjugation 
f3g. Then we have c_i = — qc\ by the self-conjugacy of rj. Assume C\ is not 0. 

Then from the first equality we get c_ 2 = (iy^|)~ c o- If we P u t this one to 
the second equality, we get 

(2), - (3)3(2), 2 

Cq + (2)g(4)gClC_l = 0. 



(3) 



Since we know (3) g > 1 and CiC_i = — qc\ < 0, the left hand side is strictly 
negative unless Co = c\ = 0. This also shows c 2 = and this is a contradiction. 

i f&T 



Hence we get c\ = 0. Then from the second equality we get |c 2 | = g y ^^■| c o|- 

We may assume c = — -v/(4) g by scalar multiplication and c 2 = g -1 ^/ (3) 9 ! by a 
conjugation of 

□ 

From now on, the right coideal of type generated by q^f {2>) q \w{ir2)-2,s — 

w("7T 2 ) 2iS for s G h is denoted by ^d^- We remark 
that wl does not generates a right coideal of type D*^. In fact, it generates the 
canonical homogeneous sphere C(T\ SU q {2)). This is essentially due to the effect 
of q 7^ 1 (see also Lemma l7.5|) . The C*-algebra is actually the Toeplitz 
algebra as we see below. By [MNW, Lemma 3.2] there exists the matrix units 
{ e t,j]i,j&>o an d { e 7,j}i,j£i> i n C{Sq,o) which satisfy the following equalities 

( 6 - 15 ) £-i e fc,fc = ±7*4+1,** i x e± = Tq^lk-i^^ 



(6-16) Zo = J2- q 2k+1 e- k , k + J2l 2k+1 < k 

k=0 k=0 

for all k E Z> , where 7^ = q?(q + — g 4fc+4 )5. Note the equality 1 = 

X]fclo e fe,A: + X]fclo e fc,fc ^ n C(SU q (2)) where the summation converges in the strong 
operator topology in B(L 2 (SU q (2))) . In order to verify it, it suffices to show 
1 = Sfclo ^( e kk) + SfeLo M e fc fe)' because the Haar state ft, is normal and faithful. 
This equality holds by the following lemma. 

Lemma 6.5. We have h(e kk ) = 2~ 1 q 2k (l - q 2 ) for all k E Z> . 



Proof. Let X ni = C£ be the 7Ti-eigenvector space of C(S 2 ). Recall the conjuga- 
tion map T and the one-parameter unitary group U t on X ni which are defined by 
(T£)r = (-q)~ r C-r and (U t £) r = (F ni )~r^t^r) for all r E J ffl and t E R, where 
o~t is the modular automorphism group with respect to the invariant state h on 
C(S q0 ). As is proved in Lemma 13.7^ we have JT*TI* = U where the unitary 
map I is defined by (l£) r = 6-r for r E I Wl . It shows that the spectrum of U 
is inverse-closed and hence U = id. It yields the formula 0"^(£ r ) = q~ 2rtt ^ r . We 
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have the equality M£i e fc,fc£-i) = ~1 1 7fc-i^( e fc-i,fc-i) by (|6.15J1 . The left hand 
side is equal to 

= q^h{^ 1 e% k ) 

where we used (16. 13 J) for the third equality. Hence we have h(e kk ) = q 2k h(e^ ) 
for k > 1. Since the equality h(£o) = holds, we get h(eQ ) = h(eQ ). Using 
Lemma 1331 we see h(^) = (3) _1 and obtain h(eQ ) = 2 _1 (1 — q 2 ). □ 

Now we consider the invariant subalgebra Ad^ C C(S q0 ). Let us define the 
matrix units ey = e~j + efj for i,j e Z> . The C*-algebra is generated 
by them and the unilateral shift. It also concludes that the right coideal von 
Neumann algebra Aa*J' is isomorphic to B(£ 2 (Z>o)). Especially the quantum 
group SU q (2) can act ergodically on every separable type I factor. 

(V) D* m (m > 2) case. We will derive the non-existence of this case. We study a 

C*-algebra A whose spectral pattern is ®k& >0 + [ml ) 7Ffc ' taking use of a 

gap at 7i"i as Lemma l6~^l we can similarly prove that elements of one ^-eigenvector 
generates a right coideal of type D*^. (the ^-eigenvector space is two-dimensional 
when m is equal to 2.) So we may assume there is a 7r 2 -eigenvector £ 2 in A. Recall 

that Q is defined by Q = (qxj '(3),(2)„ 0, -y/Wv °> ?~V( 3 W 2 )</) ^fa). Note 
that the index of £g means A = of C(S 2 X ). 

Lemma 6.6. Let n be a half integer with n > 2. Then we have the following 
equalities for all t e I n 



^ n „ 2 {w 2 _ 2 ,w n t ) 



Proof. For the first equality we use iy(7T2)_2,2-r = [r]^ 2 -'"'" 4- '" f° r r ^ ^2- From 
this we obtain 

4 

vi/ n _ 2 (^ 2 2 ,o_ (n _ 2) = ^(c^ 2 ) r 

r=0 

for all t & I n where the coefficients {C 2 '™ 2 )r are given as follows. 
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-2t+6 l (n+t)g{n+t-l) q (n+t-2) q (n+t-3) q 2 
V (2n) 9 (2n-l) g (2n-2) g (2n-3) g *~ 2 ' 

-2n-2t+4 / ( 4 ) 9 ( 3 )g / (ra + t) g (7l + t-l) g (7l-t) g (7l-t-l) g 2 

V (2), y (2n) 9 (2n-l) g (2n-2) g (2n-3) g 1 

-4n-2t+2 l (n-t)g(n-t-l) q (n-t-2) q (n-t-3) q w n-2 

V (2n),(2n-l),(2n-2),(2n-3), 4+2 ' 



"4 

r 



r 4— r / \ 



(2n)„ ' 



(<%) 



(4) g (3) g 
(2n),(2n-l), 



, (C^ 2 ) 3 = -? 



ra-1 



(4) g (3) g (2) g 



(2n),(2n-l),(2n-2), ' 



(Cn'- 2 )4 = ? 2( "- 1} 



(4)g(3) g (2) 9 



(2n) g (2ri-l) 9 (2n-2) 9 (2n-3) 9 



This must be a scalar multiple of a; n t v n+t 4 . So we may compute only the r = 4 
term 

(C^ 2 ) 4 X 4 w(TC n ) t _ n+4 . 

If w(n n ) t ,-n+4 contains the word w such that t < — n + 4, we can disregard the 
effect of this term. In order to simplify calculations we use the symbol ~ which 
ignores terms with a power of u. Assume t > —n + 4 then we have 



w 



w(7T n ) ti _ n+4 ~ ? 4(-n-t + 4) [n+f] , pn-^n-t-4^-4 if t _ „ + 4 < Q 

(7r n ) t ,_ n+4 ~ [«+*] J [ 2 ™zt]\v n+t ~ A y- n+t+A if f - n + 4 > 0. 



In both cases we have the same result 

A(7r n )^ n+ 4~g 4( - n - t+4) 



= 9' 



4(-n-t+4) 



n + t 
4 

n + t 
4 



'2ra - 4 
n — t 



x n-t v n+t-4 



w{rr n _ 2 )t-2-(n-2) 



by simple calculation. Hence we obtain the first equality 



(4),! 



n + t 
4 



(2n), • • • (2n - 3), 

w(7T n _ 2 ) t _ 2 ,-( n -2) 



- 2 <+6 / (^ + t) (? ---(n + t-3) g 
<? W 77TZ\ — ^ w(7T n _ 2 ) t _ 2 _ (n _ 2 ) 



(2ra), • • • (2ra - 3), 

Next we show the second equality. Then the matrix element w(vr 2 )o, 2 -r is as 
follows. 



tafata-r ~ qW~* [ r 2 _ 2 ] J 13 V- 2 if r > 2 , 



' UJ ( 7r )o,2-r ~ if r < 1. 
50 



Hence we may only compute the coefficient of x n 1 2 v n+t 2 of the next one 



r>2 



r)(2-r) 


2 


2 


r 




_r - 2_ 


4 2 


2_ 



1 1 

2 



r— 2 r— 2 / \ 



If t > — n + 4, then we have 



(2t+4)r-2n+2t+8 


"n + t" 


2 


2n — r 




r 


<7 2 


n — t 



2 


2 


r 


2 


" 2n-4 " 


r-2_ 


9 2 


_2_ 


9 2 


_n + t - 2_ 



w(-K n - 2 )t-{n-2) 



When t < — n+4, then w(7r n )t~ n +r contains the word u if and only if 2n—r < n—t. 
In this case the binomial [ 2 ™.T t r ] 2 2 is by definition. From this observation we 

may continue the computation under t > —n + 4 in order to get the result about 
general t. Then we can carry out the following calculation 



r=2 



(2t+4)r-2n+2t+8 


'n + t 


2 


2n — r 


2 


2 


2 


r 


2 


" 2n-4 " 




r 


Q 2 


n — t 


<? 2 


r - 2_ 


9 2 


2_ 


<? 2 


n + t - 2 



+ (* 2 ) 3 ?- 
+ (^i n 2 ) 4 g" 



2n-2t+4 


n + t" 


2 


"2n - 2" 


2 


" 2n-4 " 




2 


9 2 


n — t 


9 2 


_n + t - 2_ 



2n-4t+5 


'n + t 


2 


"2n 


-3" 


2 


"2" 


2 


"3" 


2 


" 2n- 


4 " 


2 




3 


9 2 


n 


-t _ 




1_ 


9 2 


_2_ 


9 2 


n + t- 


- 2_ 


9 2 


2n-4t+5 


"n + t" 


1 
2 


'2n 


-4" 


1 

2 


"2" 


1 

2 


"4" 


1 
2 


" 2n- 


4 " 


1 

2 




4 


9 2 


n 


-t _ 


<7 2 


1 


9 2 


2_ 


9 2 


n + t- 


- 2_ 


q 2 



' 2n-4 " 


_l /(4) 9 (3), / 


_n + t - 2_ 


g2 V (2), v 



(2n - 4),! 



(2n-2) ? (2n-3) Vn+t+1 



(2), V (2n) q ■ ■ ■ (2n - 3), V (n - t) q \ 

n-t-l 



n + t) q \ ^i n 2_i t 2_ n _ t+1 



(n + t- 2),! 



(2n-3),(2), + ry" 



(n + t -3),! (n + t-4) g ! 



-2n-2t+4 



( 4) g (3) g /(n + t),(n + t - l),(n - t) 9 (n - t - 1), 
(2), 



(2ra),(2ra - l),(2ra - 2),(2ra - 3), 



Hence we have proved the second equality. 

Finally we prove the third equality. Then the matrix element w {712)2,2-7- is as 
follows. 



w(tx 2 ) 



2,2-r 



T 4 — T 

v y 
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for all < r < 4. If t > -n + 4, we have 



= q' 



2t-4) 


"n + t" 


2 


"2n 


— r 




r 


9 2 


n 


-t _ 
















1 






2t-4) 


"n + t" 


2 


"2n 


— r 




r 


9 2 


n 


-t _ 



x n-t-4 v n+t 



2n-4' 
t + 2 



w(7r n _ 2 )t+2,-(n-2) • 



For t < —n + 4, w(ir n ) t - n +r contains the word u if and only if n + t < r. Then 
the binomial [ n ^*] ?2 is equal to 0. As in the proof of the second equality, we may 
treat only t > — n + 4. We compute the coefficient of the desired equality as 
follows. 



= Q 



r=0 
2(n-l) 



"4" 


2 r(r-2t-4) 
9 2 


n + t" 


2 


"2n — r 


2 


"2n - 4" 


r 


r 


4 2 


n — t 


9 2 


_ t + 2 _ 



' 2n 
n — t 



1 

2 


"2n - 4" 




i 

2 












- g 2 


_ t + 2 _ 


<z 5 
















/(4) g 




1 




i 




i 




2t-3 


"4" 


2 


"n + t" 


2 


"2n - 1" 


2 


"2n - 4" 




V(2), 


1 


9 2 


1 


9 2 


n — t 


9 2 


_ t + 2 _ 



+ q 



2(-2t-2) 



(4) s (3), 



(2ra),(2ra-l), 



"4" 


2 


"n + t" 


2 


"2n - 2" 


2 


2_ 


9 2 


2 


9 2 


_ n — t 


9 2 - 



- q n - l q^- 2t - 1 ) . 



+ q 2(n-l) q -St, 



(2n) q • • • (2n - 2) c 



2n-4 
t + 2 _ 

i 



"4" 


2 


"n + t" 


2 


"2n - 3" 


2 


"2n - 4" 


3 


9 2 


3 


<7 2 


n — t 


<7 2 


_ t + 2 _ 



(4),! 



(2n) q • • • (2n - 3), 



"n + t" 


2 


"2n - 4" 


2 


^2n - 4" 


4 


<? 2 


_ n — t 


9 2 


_ t + 2 _ 



:? i n 2 -|t 2 -2t-4 



(n + t) g ! 
(n-t) ? ! 



n + t),!" 1 



5 



-2n+2t+6, 



(2n) q • • • (2n - 3), 



(2n) 9 • • • (2n - 3), - <T"+'+ 3 (4) 9 (2n -!),-•• (2n - 3),(n + t), 



'2n - 4' 
t + 2 



+ ^M^(2n - 2) s (2n - 3) g (n + t) q {n + t-l) q 



(2), 

n— t— 3 



(4),(2n - 3),(n + t) q ■ ■ ■ (n + t - 2), 



- q 



q l n 2^1 t 2_ 2t _ 4 



{n + t) q \ 



n-t) q \ (n + t) q \ (2n) q ■ ■ ■ (2n - 3) q 
- 6n - 2t+6 (n-t) q ---(n-t-3) q 
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2n - 4' 
t + 2 



-4n-»+2 (n-t) q ---(n-t-3) q 
V (2n),-..(2n-3), 

□ 

Let n be the smallest odd integer which satisfies [^] = 1. Then 7r n appears in 
the spectral pattern of A once and 7r n _ 2 does not. Therefore ^ n -2 : X 2 x X n — > 
X n _ 2 is a 0-map. Let rj = J2t&i n dt w t t> e a self-conjugate 7r n -eigenvector. From 
the self-conjugacy we obtain cL t = {—qfdt for all £ G /„. We shall show the 
complex numbers {d t }tei n are & U 0. It derives non-existence of type D* m for 
m > 2. 

Lemma 6.7. TTie complex numbers {d t }tei n satisfy the following recurrence for- 
mula for t e I n — {— n, —n + 1, . . . , n — 1, n}. 

q 2n ~ l {2) q ^J (n + t + 2) q (n + t + l) g (n + t) q (n + t-l) q al t+2 

- ^) q \j(n + t) q (n + t - l) q (n - t) q (n - t - l) q d t 

+q~ 2n+1 {2) qS J{n - t + 2) q {n - t + l),(n - t) q {n -t-l) q d t _ 2 = 0, 
where d t — if \t\ > n + 1. 

Proof. Take the 7r 2 -eigenvector £q = ^ s e/ 2 ^"'s where c± 2 = <? Tl \/ 

c±i = and c = — a/(4) 9 . Then we have \P n _ 2 (£o)C) — 0- Multiplying 

g 2 ™- 4 ^ (2n) 9 • • • (2n — 3) 9 to the left hand side, we can derive 



£ (c_ 2 g 2n - 2t -y(n + £ + 2), • • • (n + £ - 1), 



+ c 2 g- 2 "- 2 '+ 2 y J(n-t + 2) q ---{n-t- l) q d t _ 2 ) w n t - 2 = 0. 
Then we obtain the desired formula. □ 

Let us write 

a t = q 2n -\2) q ^{n + t + 2) q (n + t + l) q (n + t) q (n + t- l) q , 

Pt = ~ (4),^/ (n + t) q (n + £ - l),(n - t) q (n -t-l) q , 

It =q- 2n+ \2) q sj(n - t + 2) q {n - t + l),(n - - £ - 1), . 
Then {c?t}t e / n satisfies 

(6.17) a t d t+ 2 + (3td t + ltdt-2 = ■ 
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By definition we obtain a_ t = q 4n 2r y t and P-t = fit- From the above recurrence 
formula at —t, we obtain 

g 4n " V-t+2 + frd-t + q- 4n+2 a t d„ t „ 2 = . 

Since we have assumed the self-conjugacy d_ t = (— g)*dt, we obtain the following 
formula. 

(6.18) q- 4n+A a t d t+2 + (3 t d t + q 4n Sd t _ 2 = . 

Through formulae (|fj,17jl and (jfi.lSj) . we obtain 



/ fi1n x , -2 i(n-t + 2) q ---(n-t-l) q 

for t > — n + 2. Again from (j6.17|) . we have (3 t d t = (— 1 — q An ~ A ) r )tdt~2- Hence for 
\t\ < n — 2, we obtain the following formula. 



ffiOfVl ,7 _„-i r „-2n+2 | „2n-2x( 2 )g / (n ~ t + 2) g (n - t + l) g 

(6 ' 20) ^ +g (n + t),(n + t-l), dt ~ 2 - 

Then we consider the above equalities ()6.19|) and ()6.20|) . For — n + 2 < t < n — 4 
we obtain by using (|6.2(J|) twice 



(ani\ A - „-2/_ -2n+2 , _2n-2^( 2 )« (" " * + 2),- ■ (fi - t- 1), 

( } ^ +g } (4)fV(- + ^ + 2) 9 ---(n + t-l)/'- 2 

By (j6.19|) and (|6.21|) we have a equality 



(6.22) i2 = (?' 2 " +2 + ? 2, '1 2 ^^ 



(2) 2 



2 



^t- 2 



for -n + 2 < t < n - 4. We easily see that 1 = (q~ 2n + 2 + q*"- 2 ) 2 ^ holds if and 
only if n = or 2, however, this does not occur because n is an odd number. Thus 
we have d t _ 2 = for — n + 2 < t < n — 4. It follows d t = for — n < i < n — 6. 
For n > 7 we can derive dt = immediately. So we have to consider the cases 
n = 3 and n = 5. 

(1) n — 5 case. We have already known dt = for — 5 < t < — 1. Using ([6.20)1 . 
we have d = 0. Hence we have dt = for all t 6 I5. 

(2) n = 3 case. We have already known d__ 3 = 0. Using (|6.2(J|) for t = — 1, 1, 
we have d t = for odd t. From (jbM9j) and ()6.2U|) for t = we obtain 



d 2 =q 2 d_ 



^o^- 1 (,- 4 + , 4 ) 7 ^J 7 ^#d_ 2 . 
1 ; (3) g V(3y2) g 
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This shows cL 2 and <i 2 are real numbers. Now we consider a ^-eigenvector 
^liViV) = 0- As i n the case A\, we obtain 

yft$ q f ■ MV,VU =?" 2 (6) ? W-3 + ( - 9 _1 (5) ? (2) 9 + g - 3 (6) 9 )?7 2 ?7_ 2 

+ ((4) fl (3), - <T a (5) fl (2) 9 )ifriM + (g- 1 - ?)(4) ? (3) 9% 2 
+ (g 2 (5) g (2) 9 - (^(S),)^ + (g(5),(2), - g 3 (6) g )^ 2% 

Applying it-f to the above both sides, we have 

= ((q ~ g _1 )(5) 9 (2) 9 + (q- 3 - q 3 ){6) q )d„ 2 d 2 + (q' 1 - q) (4) ,(3) q d 2 . 

Since cf_ 2 and g?o are real numbers, we obtain 

<r 2 ((6) 9 (3) g - (5) g (2) g )rf 2 _ 2 + (4) ff (3),dg = , 

however, the left hand side is positive because the above d t are real. Hence we 
can get gL 2 = d = d 2 = 0. 

(VI) T m (m > 2) case. We treat a C*-algebra A whose spectral pattern is one 
of the following 

T 2 ,_! (£>2) © fceZ ^ o (l + 2[ 5 A_])7r fc ee fc6 z> 2[^]7r A+ i , 

T 2 , (£> 1) © fce ^ (l + 2[f])7T fc . 

If A is of type T 2 , then we can easily derive A = C(T 2 \ SU q (2)). Hence 
we study the case T m for m > 3. In the cases, the 7Ti-multiplicity are one, so 
the linear subspace A ni generates a quantum sphere C(Sg X ). We shall prove 
this is the canonical homogeneous sphere C(T \ SU q (2)), that is, the parameter 
A = (q^ 1 — g) _1 A is equal to 1. In order to do this, we take the same strategy as 
in the case of type D* m . We have to prepare the following lemma which is proved 
in similar way to Lemma 16.61 and we omit the proof. Recall a 7i"i -eigenvector of 



q,\j 



1-A 2 . 1 1 1-A 2 



1 1 / 1 — An 1 1 



Lemma 6.8. Lei n be a half integer with n > 1. T/ien we /iawe i/ie following 
equalities for all t G /„. 



Vl^-l.tfJ"? V (2n),(2n-l), W t-1 ' 



> , r-g/T 1 tn n ) - n -n-t+l V)q{n-t) q {n+t) q n -l 



VlW.^j-g V (2n),(2n-l), W t+1 ■ 



We immediately derive the following lemma. 
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Lemma 6.9. Let n be a half integer with n > 1. Then we have the following 
equalities for all t e I n . 



We need another lemma whose proof is also same as for Lemma [6.71 

Lemma 6.10. Let n be a half integer with n > 1 and 77 = Y2tei„ dt w t be a Tin- 
eigenvector of C(SU q (2)) such that \I/ n _i(£j[, 77) = 0. Then {d t } teIn satisfies the 
following recurrence equation for all t G I n = {—n, —n + 1, . . . , n — 1, n}. 



where we define d t = i/ |t| > n + 1. 

We show A = C(T m \ SU q (2)) for in each case of odd and even order cyclic 
groups. 

(1) T 2 £_i (£ > 2) case. We focus on tt £ _i -spectral subspace. Write n for £ — |. 
Since 7T n -eigenvector space is two-dimensional and 7r n _i-eigenvector space is 0, 
the map \l/ n _i(£][, •) : X nn — > X 7Fn _ 1 is 0-map. Let r? = J^te/ d t w™ be a non-zero 
7r n -eigenvector for A. Recall its conjugate eigenvector Tr\ = J2tei ( — 9)~*^-*' lu "> 

2s 

where we have defined (— q) s = y — 1 \q\ s for all real number s. Then 77 and Trj 
are in the kernel of \l/ n _i(£][, •). By Lemma f6. 101 we obtain the following recurrence 
equation. 





(6.23) 



a t d t+ i + f3 t d t + itdt-i 








q 2n a t d t+1 + p t d t + q 2n ltd t -i = , 
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Assume that Ao is not equal to 1. Then we know a t = if and only if t = —n 
and 7 t = if and only if t = n. By (J6.23j) and (J6.24j) we obtain 



t-i 



(6.25) a t d t+l = q In lt d 

Hence again by (|fi.2Hj) we have 

/3 t d t = -(l + q 2n htd t -i. 

Assume A is equal to 0. Then the above equality shows d t -\ = for — n < t < 
n — 1. By (|6.25|) d n _i and d n are also equal to 0, however, this is a contradiction 
to non triviality of 77. Next we consider the case < Ao < 1. From the above 
equality dt for — n + 1 < t < n — 1 are uniquely determined by d- n . The number 
d n is determined by the previous equation as d n = q 2n 'a~\^ n -id n ^ 2 where we use 
the fact that a n _i is never for n > |. Therefore (d t )tei n is a scalar multiple of 
a vector. In particular the 7r n -eigenvector space X Wn becomes one-dimensional. 
This is a contradiction. It concludes Ao is equal to 1 in this case. From simple 
computation we obtain X n = Cw™ n + Cw™. We show A = C(T 2 e-i \ SU q (2)). 
The C*-algebra C(T 2 e-i \ SU q {2)) is generated by the matrix elements w(ir u ) nStt 
for all v G |^>o an d t G I u , where s is an integer such that ns G I u . If A contains 
C(T 2 £-i \ SU q (2)), then they coincide because of its common spectral pattern. 



By 5'C/g(2)-invariance of A, it suffices to show w{-n v ) ns ^ v = [^.^J 



i 



2^ 1 2 ^u+ns^.u—ns 



u+nsJ q2 



X T V 



1 

2 ™2ns rf .v—ns n .v—ns 

<r 

i 



are contained in A for non-negative s. This is equal to [^^J 
Since A contains xv G C(T\ SU q (2)) and x 2n = [J^J 2 2 w(ir n )_ n _ n , the element 

x u+ns v u-ns ig in A This ghowg ^ ^ ^ ^ C^-l \ SU q (2)). 

(2) T 2 £ (£ > 2) case. Write rz for £ in this case. We analyze the recurrence equa- 
tion in Lemma 16.101 under the condition that a 7r n -eigenvector rj = Yltei ^t w t 
is self-conjugate. Assume that Ao is not equal to 1. When Ao is equal to 0, r\ is 
the zero vector as in the previous case. In the case < Ao < 1 we know that the 
space of its solution is one dimensional and we can assume that dt are all real 
number. Then we have 

rft = -(l + 9 2n )^Vi-i 
for all \t\ < n — 1. For — n + 1 < t < n - 2 we obtain the following equality. 

d- t = -(l+q^-ld^ 

P-t 

= -(-q) t+1 (l+q 2n )Vdt + i 



P- 



t 



= (-Q) t+1 (l + q 2n ) 2 ^l ±1 d t 
P-tPt+i 

P-tPt+i 

Since its coefficient ^"^^ is strictly positive, we have d t = for — n + 2 < t < 
n — 1. We now treat a positive integer n > 2. It deduces — n + 2 < n — 2 and 

57 



we obtain d n = by (|6.25j) . Hence we have d t = for all t <E I n because of 
— n + 2 < and the self-conjugacy of r]. Under the condition Ao < 1 we have 
shown i] = if r\ is self-conjugate and ^-i^, 77) = 0. Now we consider the map 
\l/ n _i(£j[, •) : X n — > X n _i. We have known X n is three-dimensional and X n _i is 
one-dimensional. Take two linearly independent 7r n -eigenvectors (1 and ( 2 from 
X n which satisfy \I/ n _i(^,Ci) = ^n-i(£,\, (2) = 0. For conjugate eigenvectors 
T(i and T( 2 , we can take complex numbers Hi and fi 2 which are defined by 
TCO = ^n-xiHil) and V^tlTb) = // 2 tt^ a (&£j), where ^ 
is a self-conjugate ^-eigenvector for C(S qX ). Note \l/ n _i(£j[, £™) is not the zero 
vector. Multiplying complex numbers to £1 an d C2 respectively, we may assume 
\i\ and Hi are real numbers. If \i\ is equal to 0, then the self-conjugate vectors 
(1 + T(i and a/— T(Ci — T(x) are in the kernel of •). From the above 

discussion they are 0. This shows immediately Ci = 0. This is a contradiction. 
Hence we have a non-zero real number Similarly we show \ii is non-zero. We 
may assume they are equal to 1. For i — 1, 2 we have \l/ n _i(^, Q + TQ — £") = 0. 
Then it yields Q + TQ = £™ because of the self-conjugacy of Q + TQ — £™ for 
each i. It follows Ci — C2 = _ ^(Ci — C2)- In particular T((i — ( 2 ) is in the 
kernel of \EV_i(^, ■). This shows Ci — C2 = but this is a contradiction to linear 
independence of £i and £2- Therefore we can derive Ao = 1. Then we obtain 
X n = Cir" n + Cw'q + Cw™. As in the proof of the case T 2 e-i, we can prove 
A = C(T 2e \SU q (2)). 



7. Classification of right coideals of C{SU q {2))\ -1 < q < case 

We use the same strategy as in the previous section in order to classify right 
coideals of C(SU q {2)) for negative q. We prepare a positive parameter q defined 
by % — —<1- Recall we have defined g-integer {n) q by g -i n teger, more precisely 

2n 

(n) q = (n) qo and q n = v — 1 q$ for a half integer n. 

Now we investigate each case of multiplicity diagrams. Contrary to the case 
of positive q, we have to treat other graphs which have a single loop at a vertex 
as listed in Appendix. We recall the notion of the quantum spheres C(S^ X ). We 
use an embedding it into C(SU q {2)) by defining its 7Ti-eigenvector as 

If a right coideal A is of type T, then it is in fact fl^(C(S q X )) for some z G T by 
Podles' classification results on the quantum spheres |Poll Theorem 1] . We know 
that C(SO q (3)) and C(SO- q (3)) are isomorphic as compact quantum groups. 
Hence we have the complete collection of right coideals which have only spectral 
subspaces with integer spins. In this way we can deny the existence of type A\, 
5*4, A* 5 and D* m (m > 2). For right coideals of D*^ and T 2n (n > 1) we have 
shown their uniqueness up to conjugation by (3 L . Hence we have to investigate 

58 



right coideals of type T n (odd n > 3), D n (odd n > 1), A' m (m > 3). The main 
classification result is as follows. 

Theorem 7.1. Lei A C C(SU q (2)) be a right coideal. Then its multiplicity 
diagram is one of type 1, T n (n > 2), T, SU (2), and D\ . If it is of type T, it 
is one of the quantum spheres. Otherwise it is unique up to conjugation by (3 L . 



(I) T 2 £-i (£ > 2) case. We treat a C*-algebra A whose spectral pattern is 
©fc 6 z> (l+2[ 1 ^ I ])7rjt©©fc e z> 2[^-]7r fe+ i. As in the previous section we study 
the C*-subalgebra generated by ^-spectral subspace and assert that is the canon- 
ical homogeneous sphere. We begin classifying this case by stating a negative q 
version of Lemma 16.81 

Lemma 7.2. Let n be a half integer with n > 1. Then we have the following 
equalities for all t £ I n . 



V n-l(™l,™tJ - % Y (2n),(2n-l), %1 " 

If necessary, we consider the conjugation by (3 L and may assume C(Sg A ) C A. 

Lemma 7.3. Lei n be a half integer with n > 1. T/ien we gei i/ie following 
equality for t 6 J n . 



(n + t) g (w + t-l) g ! 
(2),(2n) 9 (2n - 1), ^ 



/ | ,!;-! -;/-/ + .! \ l (2)q(n t) q (n + t) q n _i 

% X ° XI (2n) q (2n-l) q W * 



°V (2) q (2n) q (2n - 1) 



f+i • 



Lemma 7.4. Lei n be a half integer with n > 1 and 77 = X^tg/ c^w™ fre a 7r n - 
eigenvector with \I/ n _i(£j[, 77) = 0. T/ien we </ei i/ie following recurrence equation 
fort E I n . 



q >^l-\lsj(n + t) q (n + t + l) q d t+1 
- (-l)™-%(2) 9 y / (n-i) 9 (n + i) g ^ 



+ g 2 y!- A§y(n-t),(n-t + l) g dt_i 
where we define d t = /or |i| > n + 1. 
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We write n for I — ^. Then 7r n -eigenvector space of A is two-dimensional. We 
may assume 7Ti-part generates a quantum sphere C(S 2 X ) as usual. We derive Ao = 
1 and it immediately derives A = C (T 2 e-i\C (SU q (2))) . Now Let r] = J2t&i n dt w t 
be a 7r n -eigenvector of A. By the absence of 7r n _i-part we have \P n _i(£j[, rj) = = 
\fV_i(£j;, Trj). From the previous lemmas we get 

a t d t+ i + (3 t d t + itdt-i = , 
q 2n a t d t+1 - p t d t + q 2n ^ t d t ^i = , 

where we put 

a* = % +5 \l l ~ x o\J i n + t) q (n + t + l) q , 

A = - (-i) n -%(2) gV /(n-t) g (n + t) g , 

It = 1- Xo^(n-t) q (n-t + l) q . 

Then we can prove (dt)tei n * s a scalar multiple of a vector as in the T 2 e-i case 
in the previous section. This is a contradiction. Hence we have proved Ao = 1 
and A = C{T 2 e-i\SU q (2)). 

(II) D n (odd n > 3) case. Before proof of the non-existence of this case, we 
shall state some basic lemmas without proofs which are proved similarly by direct 
calculations as before. 

We state a negative q and ^ n -i version of Lemma [6.61 

Lemma 7.5. Let n be a half integer with n > |. Then we have the following 
equalities for all t G I n . 



^ n ^{w 2 _ 2 ,w^) 



( _ 1)n _ tg -|n-2 t+ 6 1 



(2n - 2), 



(4), (n - t + l) g (n + t) q (n + t - l) g (n + t-2) g ^ 



(2n) q (2n - 1), 

f 1 ^n-t-ln-2t+3 %^Hjl - t - l) q - q^Hjl + t - l) q 



t-2 > 



(3),!(n + t) g (n-t), wn _ 1 



(2n),(2n-l) 



t 5 



(2n - 2), 



( 4),(n + t + l) q (n - t) q (n - t - - t - 2) q ^ 

(2n) q (2n - l) q t+2 
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We take a vector = (q y/(3) q \,0, -^/(£)~ q ,0,q 1 a/(3) 9 ! ) w(ir 2 ) as a tt 2 - 
eigenvector of C(S q0 ). Recall its entries generate the right coideal of type D^. 
We denote it by A^. 

Lemma 7.6. Let n be a half integer with n > |. Then we have the following 
equalities for all t e I n . 



.71-1 

-2 



= -(-l) n -'g "- 2 ' +4 ^/(n - t + l) g (n + t) g (n + t - l) q (n + t-2) q w n t Z 
+ (-1)"" V^o n '\n -t-l) q - g ra+1 (n + t - l) q )J(n + t) q (n-t) q w 

+ (-i) n - V" 2 *" V (« + * + - - * - - * - 2), • 

Lemma 7.7. Let n be a half integer with n > | and 77 = Xlte/ n ^t^™ ^ e a ^n- 
eigenvector of A such that it satisfies \I/ n _i(£o, ^) = 0. T/ien we have the following 
recurrence equation for t e /„ . 



n-l 
t 



- ?o \/ (n - * - l) 9 (n + t + 2),(ra + t + l) q {n + t), d t+2 
+ (Qo n ~\n -t-l) q - q^\n + t - l) q ) fin + t) q (n - t) q d t 
+ qo n \J (n + t- l) q (n - t + 2) q (n - t + l) q (n - t) q d t _ 2 = 0, 
where we define d t = for \t\ > n + 1. 

Lemma 7.8. Let n be a half integer in § + Z> and A be a right coideal 
in C(SU g (2)) such that A contains Ad^. // a 7r n - eigenvector rj of A satisfies 
^n-ii^O'V) = ana ' ^n-i(^0'^) = 0; ^ ^ s ^ zero vector. 

Proof. Take complex numbers {d t } teIn w hh 77 = J2tei n ^t w t- Note that T77 = 
J2tei n (~ ( l)' t ^-t w t ■ Let us prepare the following notations a t , (3 t and j t . 

a t = - go v fa - 1 - l),fa + t + 2) q (n + t + l) q (n + t) q 

fit = (qo n ~\n -t-l) q - g n+1 fa + t - l) q ) yj (n + t) q (n - t) q 

It = qo n \J (n + t- l) q (n - t + 2) q {n - t + l),fa - t) q . 

From our assumption on n and Tn, we get the following recurrence equations for 
t G I n by the previous lemma. 

(7. 1) a t d t+ 2 + Ptd t + ltdt-2 = , 

qv 2n+2 a t d t+2 - P_ t dt + ql n - 2 ltd t -2 = . 
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In the above equations put t = —n + 1 and we get 



-<#V(2n - 2),(3),! d_ n+3 + q n - L (2n - 2) q J(2n - l) 9 cL n+1 = , 



n+2 



(2n - 2) q (3) q \ d. n+3 + q™ +l {2n - 2) q J (2n - l) q d_ n +i = 



This derives cL n+ i = <i_ n+3 = because < q < 1. We know a t = if 
and only if t = —n,n — 1. By using (j7.1|) inductively, we get d- n+ 2k~i = for 
k — 1, . . . n + |. Similarly we get (i n _ 2 fc + i = for A; = 1, . . . n + |. Hence we have 
proved r\ = 0. □ 



Let A be a right coideal of type D n (odd n > 3). Then its spectral pattern is 



e 



+ 



fcez> 



2A; + 1 



If we look at the integer spin spectral pattern, then we have 7r © 7r 2 © • • ■ . 
Therefore the 7r 2 -spectral subspace A n2 generates a right coideal of type D*^. 
Considering /3^{A) for some z G T, we may assume A contains Ap*^. Next look 
at the half integer part and we see that 7r™ appears once and 7r»_i does not there. 
Then we can make use of Lemma 17.81 and conclude such a right coideal does not 
exist. 

(Ill) Di case. We show the existence of this case and its uniqueness up to 
conjugation. In order to do we need some elementary lemmas. 

Lemma 7.9. Take a positive integer n. Then we have the following equalities. 



-n+l HfL x 



Proof. We know x n = w{7ti_ 
f ■ x 



n\_n _ n . Hence we have: 

2 ' 2 ' 2 



-n+l 



-n+l 



(n) q w(irn)_n „ +1 



2 ' 2 ' 2 
1 



-n+l 



q 2 (n) q x n 1 u 



Similarly we get the assertion on / • v n . 

Lemma 7.10. For r, s > we have the following equality. 

r(s+i) (r) q \(s) q \ 



h(x r y r u s v s ) = q r Q ( 



(r + s + l) g ! 
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□ 



Proof. Recall / • y r 


= / • u°- 


-i _ 


and we get 




f ■ z^y^-v 






• (k ■ yV" V) + {k- 1 ■ x r+1 ) • (/ 


■ y r u s V) 




= v^T 


~ r § 

Qo 


(r + l) q ■ q~^~ 1 2 L+ ix r uy r u s ^ 1 v s 






+ q 


(r + 1) 
2 


• g 5+V- v /Zi s+1 g|( s ) 9 a; r+1 ?/ r M s " 








" r 3 


(r + l) g • q~^ + ^x r y r u s v s 






+ g5 


-1 A 


~ S+1 qHs) q q-^x r+1 y r+1 u s - 





= V-lg 2 (r + l) q ■ x r y r u s v s 

- V^Tq s+ ^(s) q x r+1 y r+1 u s - 1 v s - 1 . 

The Haar state h has the property that h(f ■ a) = for a e -A(<S77 g (2)). Apply /i 
to the above both sides and we have 

Inductively we can calculate as desired. □ 

Recall the 7ri-spectral subspace Yi = Crr + Ct> + Cu + Cy. Let Pi : 
C(SU q (2)) — > Yi be the projection introduced in the second section. It is 
an orthogonal projection with respect to the Haar state. 

Lemma 7.11. For r, s > we have the following equalities. 

r> f r r s s \ r(s+2) (2),(r),!(s + 1),! 

Pi (x y u v u = o n — r . , u , 

2 V ; yo (r + s + 2) ? ! 

R (xV«Vy) = ^ +1 )- s (2) ; (r + l) g !( g )^ 
2 V y yJ yo (r + s + 2) g ! 

Proof. Recall two maps (3 L = (ttj <g> id) o <5 and f3 R = (id®7r T ) o 5 which act on 
x, v, u and y as follows. 

/3 2 L (x) (3^(u)\ = (zx zu 
(3^{v) PZ(y)J \zv zy 

(3 R (x) flf(u)\ _ (zx zu 



where z runs on the torus T C C. Hence the above four elements have the 
different spectrums with respect to j3 L and f3 R . It is easy to see that the element 
x r y r u s v s u has the same spectrum as u. Hence it has the expansion in L 2 (SU q (2)) 
x r y r u s v s u = Xu + • • • where A is a complex number. By orthogonality of u and 
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w(7T v )ij for v > 1 and i,j G we get 



A =h(uu*y 1 h(x r y r u s v s uu*) 
= q (2) q (-q- 1 )h(x r y r u s+1 v s+1 ) 
= r(. + 2) (2)«(rV( 8 + lV 
" g ° (r + s + 2) 9 ! • 

We also get the desired result on y in the same way. 



□ 



We propose the following lemma. Later we see this equality guarantees the 
existence of the right coideal of type D x . Let us write p r = Ylt=i(^ + 

Lemma 7.12. For k > we have the following equality. 



it m k 
{ _ l)k -r q r(r-k + l) prpk _ r+i ^ q -kj2 
<? r=0 



E 

r=0 



^k— r q r(r— k+2) 



Pr+lPk-r 



Moreover, this is precisely equal to (1 + q 2 ; q l )k- 



Proof. Denote the above left and right hand side by and bk, respectively. We 
want to lead the recurrence formula of them. In computations below, we use the 
following equalities. 



~n + I 




n 


+ q r 


n 










r 


i 


r — 1 


i 


r 



Pn+1 =Pn + q n l Pr. 



Change variables r to k — r in the formula of and bk and we get 



a k =q k J2 

r=0 

h=q k J2 

r=0 



r (r- fc-1) 
L ) q Pr+lPk-r , 



_\Y q r (r-k-2) 



PrPk-r+l 
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For dfc we compute as follows. 

fc+l rr 



q k 1 a k+ i = J2 

r=0 
fc+l 

=E 

r=0 
fc 

=E 

r=0 



fc+l 

r 

fc 

r - 1 



_iy qi~(r-k-2) 



+ q r 



Pr+lPk-r+l 



Pr+lPk-r+l 



r+1 (r+l)(r-fc-l) 



iy +1 q 



Pr+2Pk- 



■+E 

r=0 



■lJV^WlPifc-r+l 



+ E 

r=0 



;-l) r g r(r - fc - 1) (l + 5- fc+r - 1 )Pr+iPfc- 



-1J 5 'p r+ iPk- r 



=(i-^ fe - 3 )E 

r=0 

=<T fc (l -g~ fc_3 K- 
Hence we get a^+i — (q — q~ k ~ 2 )ak- Similarly we compute bk+i as follows. 



fc+i 



?- fc -Vi=E 

r=0 
fc+l 

=E 

r=0 
fc 

=E 



fc + 1 

r 



.\y qr{r-k-3) 



fc 

r — 1 



PrPk-r+2 



' -Qr^r(r— fc— 3) 



r=0 



= - q 



-fc-2 



PrPk-r+2 
fc 



r+1 (r+l)(r-fc-2) 



Pr+lPk-r 



+1 +E 



r=0 



-l) r g r(r ~^ 2 Wfc-r+2 



fc r 



+E 



r=0 



E 

r=0 
fc' 

r 



(-l) r q r{r - k - 1) ( Pr + q- r - 1 Pr)Pk-r + ?j 
_ l)rqr{r -k-2) {l + q -k + r-2 )prpk _ r+i 



={-q 



-fc-3 



+ *>E 



r=0 



■i)Y M_ Wi 



Hence we get b^+i = {q — q k 2 )bk, which is the same form as a^+i- We can easily 
check ao = p\ = b and it deduces the desired equality. □ 
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At last we prove the existence of a right coideal A of type D\. It has a spectral 

pattern, ®fcgz> (k + 1+( 2 - )7r fc @@fc S z> (fe + l)7r fc+ i . If A really exists, its spectral 

subspace generates the whole C*-algebra A. In fact the generated C*-algebra 

contains 7ri and the only Di case admits such an algebra. We have to clarify a 

i 

self-conjugate iri -eigenvector i] = J2 s ei d s w£ . By the self-conjugacy we get 
_ 2 ' \ 

d_i = {—q)^di. We may assume di is real number by applying (3^ for some 

z E T. Uniqueness up to conjugation follows from this observation. Hence we 

conclude r\ = (y/qox+v, y/qou+y) is a desired 7n-vector. Let us write a = y/qox+v 

and b = ^ l /qou + y. We study the C*-algebra A, which is generated by a and b, 

and derive the result that it is really of type D 1 . By direct calculation we obtain 



y/qob, y/(fyab + y/cfo l ba = 1 + q . 



Because of this equality the smooth part of A is linearly spanned by a k b e for 
k,£ > 0. We shall show Pi{a k tf) E Ca + Cb. If it is done, then it shows the 

2 v ' 

7Ti -multiplicity is exactly one. Since other types which have a single loop at a 
vertex do not occur, we can conclude A is of type D\. Now we start a proof. 
Applying f3 R to a and b, we get (3f{a) = za and f3^(b) = zb for z E T. Hence the 
element Pi (a k b e ) must have the following form. 



Pi (a 

2 

Pi I 

2 



Pi 

2 



(a k b e ) 



Xa , 
fib, 
if life - 



where A and fi are complex number. If we show a k b k+1 = fib + • • • , then we 
have a k+1 b k = pa + • • • . Hence it suffices to show Pi(a k b k+1 ) = fib. Recall the 
following well-known binomial equality. 



(c + dT = J2 



r=0 



c r d n r if dc = qcd . 



Then we have 



a k b k+1 = 



0<r<k 
0<s<fc+l 



"A:" 




'k + 1 


r 


i 


s 
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^+r x r v k-r u s y k+l-s 



We want to take out the coefficient of u and y. For the sake of this, we make use 
of (5 L . Since we have f3^(x r v k ~ r u s y k+1 ~ s ] 



z 2r+2s 2k 1 x r v k r u s y k+1 s , we obtain 



Pi(a k b k+1 ] 



E 

r=0 

+E 

r 

k 

E 



r=0 



k + 1 
A; + 1 — r 

'Jfe + l' 
k — r 



^ k+1 Pi_(x'v k ~ r u 



r „,k—r „ ,k-\-l—r y r\ 



r=0 



J g L 



9 

fc+ 1' 

r 



x /^ fc Pi(x r w fc - r u fc -V +1 ) 



(7.2) 



+ E 



r=0 



'Jfc + l 

k — r 



^ k +\-r{-2r+2k + l)p^ x r y r u k-r v k-r u) 
^ k q -r(-2r+2k) p ^ x r y r u k-r v k-r y ^ 



(fc+2) 



-E 



r=0 



*V(2)< 



(*+2)« 



E 

r=0 





'k+1 


( 






r 




- q 






q 


'k 




'k + 1 


r 


q 




r 



■ u 



■1) 



r(fc-r)+fc r(r-Jfc+2) ( r +l)gK^ r V 
^ (k + l) q \ ' 



where we have used Lemma 17.111 in the last equality. Moreover we use the fol- 
lowing formula. 



n. 



q- 



\r(n-r) P r > 



(r) q \(n 



iq- 



PrPr, 



Then ()7.2|) is equal to 



-l)^ fe+i (2) 

(fc + 2)gP k + 1 



E 

r=0 



+ 



-l) k V%V(2) 
(k + 2) q \p k+1 



E 

r=0 L 



(_l)fc-r g r(r-fc+l) prJ , fc _ r+iW 

(-i) fc - r g r(r - fc+2 WiP fc -^ 



[^ + q~ 1 )(q~ 2 ;q' 1 )k(V% u + y) 



(k + 2) q p k+l 

where we have used Lemma 17. 121 Hence we have obtained Pi (a k b h+1 ) G C( v /gow+ 
y) and this completes the proof of the existence of a right coideal of type D\. 

(IV) A' m (3 < m < oo) case. We assume that there exists a right coideal of 
type A' m . Although we only treat the finite m case here, we can similarly derive 
a contradiction in the case of m = oo. Look at the first vertex from the left 
of Figure EJ Since the entry of the Perron- Frobenius eigenvector of this vertex 
is 1, the corresponding ergodic system becomes a right coideal of C(SU q (2)) by 
Lemma 14.221 Let us denote the right coideal by A. It is also of type A' m by 
Theorem 14.181 The spectral subspace A 7T1 generates a right coideal of type D x , 
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which is denoted by B. Now we consider the subsystem Be A Let A be the 
inclusion matrix of B x$ SU q (2) cAxj SU q (2). Apply Proposition I4.2UI and we 
get the equality AM B (7ri) = M. a {-ki) A, where M B and M A are the multiplicity 



2 2 

maps of B and A, respectively. They have the following form 



T-B, 



7Ti 

2 ' 



1 1 
1 1 



7Ti 

V 2 ' 



Z 1 1 

1 

1 





\0 





1 














1 





0\ 




1 

1 

1 1/ 



We know that the minimal projection p e C*(SU q (2)) is also minimal in B 
SU q {2) and A SU q {2). We discuss the corresponding vertex of p . About 
B xi 5 SU q {2) we may assume po sits at the left vertex of Figure H21 About 
A x$ SU q (2) we may assume po sits at the first vertex from the left in Figure ITU 
because the reduced system po(A (g) K(L 2 (S , f/q(2))))p is canonically isomorphic 
to A. Hence the inclusion matrix A must be as the following form. 



A 



/I 









Ai 
A 2 



\ 



Am / 



Then we want to solve the equation AM (ir 



(7ri)A about the non- 



negative integers Ai . . . A m , however, we immediately see it has no solutions. This 
is a contradiction and hence there is not a right coideal of type A' m . 



8. Classification of right coideals of C(SU^i(2)) 

In this final section we complete the classification program of right coideals 
associated to the quantum SU{2) group. Its representation theory such as actions 
of [/__i(su 2 ) on C(5 , f/_i(2)) or the Clebsh-Gordan coefficients is obtained by the 
limit of q — > 1. The continuous function algebra C(S , f/_i(2)) is generated by 
x,u,v and y which satisfy 

ux = —xu , v x = —xv , uy = —yu , v y = —yv , uv = vu , 

xy + uv = yx + uv = 1 , x* = y , u* — v . 

By simple calculation, we see n 2 = id. Hence C(S'f/_i(2)) is a compact Kac 
algebra. Refer the theory of general Kac algebras to |ESj . One of differences 
between cases of q — — 1 and q 2 ^ 1 is amount of the quantum subgroups (or 
right coideals). In fact as we have seen there are not a lot of right coideals 
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in C(SU q (2)), on the contrary, in |Po2j he completely collects plentiful quantum 
subgroups of £>£/_! (2). The main result in this section is as follows. The definition 
of 772 and rj2 is given in the case of type T n with odd n > 3. 

Theorem 8.1. If a right coideal A is not of type T n (odd n > 3) or D n (odd 
n > 1), there exists a closed subgroup H in SOi(3) such that A is C(H\SO-\(3)) . 
If a right coideal A is of type T n (odd n > 3), A is conjugated to C(T n \SU-i(2)) 
or C*(r)2, rjz). If a right coideal A is of type D\, then A is conjugated to C(D\ \ 
S77_i(2)). // a right coideal A is of type D n (odd n > 3), A is conjugated to 
C(D n \ SU^i(2)) or C*(r]2). Here conjugation is given by for some z£l 

Although C(T n \ SU-i(2)) is not isomorphic to C*(^,fp) as a ST/_i(2)- 
covariant system, in Proposition l8. 1 ll we show that C(D n \SU-i(2)) is isomorphic 
to C*(r]2) as a S'?7_i(2)-covariant system. As we have said in the previous sec- 
tion, we have the isomorphism between C (SO -i(3)) and C(SOi(3)) as compact 
quantum groups. Hence we can conclude that right coideals are quotient by sub- 
groups when they are one of type A* 4 , SI, A* 5 , D* m (m > 2), D*^, T 2n (n > 1). 
Hence we have to study other types: T n (odd n > 3), A' m (m > 3), D n (odd 
n > 1). 

(I) A' m (m > 3) case. The entirely same proof as in the previous section derives 
a contradiction well. 

(II) D\ case. If we consider the limit go — ^ 1 in the previous section, we can 
show its existence. In that procedure we do not need any lemma stated in that 



section, because tti -eigenvector is uniquely determined and in |Po2| Proposition 

3.8] it has been shown that there exists a right coideal by subgroup D\ whose 
7Ti -multiplicity is one. 

(Ill) T n (odd n > 3) case. A has the spectral pattern 

~2k + n+ 1 



( i+2 ^iy ® © 2 

fcez> ^ L J / fcez> 



2n 



Since its integer part becomes a right coideal in C(S'0_i(3)), it must be quotient 
by a subgroup H C 5'0_i(3). From the spectral pattern there exist angles 
< X < 27r and < ip < it such that H = T^. We begin to determine a 
7ri-eigenvector of C(T*^ \ 50_i(3)). 

Lemma 8.2. The following vector is a 7Ti- eigenvector for C(T*^ \ SO^i(3)). 
£X,">I> = y/2 (— ie %x sin?/;, \l~2 cosip, ie~ lx sin-?/')w(7r 1 ). 

Proof. First we consider a 7r!-eigenvector ( x '^ = J2teh CtW t °^ C(Y X ^ \ 50(3)). 
The left action of ^i{g) G T x '^ is given by multiplication of w(iii)(g) to w{it\) 
from the left. Hence we have to get a vector (c_i, Co, ci)w{jii)(g) = (c_i,co,ci) 
for all g G SU{2) with 71"! (g) G . If \ an d ip are equal to 0, we can easily get 
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c±i = and c = 1. Since we know T*'^ = Ad(7Ti(r 12 (x)r 13 ('0)))(T°' ), we obtain 
(c_i,Cq, Ci) = (0, 1, 0)w(7Ti)(r 13 (— ^)r 12 (— x)). Using two matrices 



cos 2 t -\/2sin|cos| sin 2 1 



w(n 1 )(r 13 (-^))= I v^sinlcosl l-2sin 2 | 2 -v^sinfcosl 



sin 2 ^ ~ — 2± 



sm ^ cos ^ cos „ 



and 

/e^ 

w(7Q)(r 12 (-x)) =01 
\ e~ ix / 

we have c±i = e^^sinip and c = cos^. Next we make use of Si : 

C(50i(3)) — ► C(SO-i(3)) and get the desired eigenvector. □ 

Next we determine the 7rn -eigenvector space which is two-dimensional. Let us 
write m for |. For rj = Yltei ^t w T we use Q = ~ 1 version of Lemma \7. 21 and we 
obtain 



v/2m(2m- l)tf m _i(fx^,77) = ^ { - ie** sin^ ^/(m + t)(m + t + l)d t+l 

tel m 

- (-l) m -*2 cos^y/{m - + t)d« 

+ ie" iX sin^v^ (m - t)(m - t + V)d t -i}w™ . 

Define a t , fit and 7t by 



a t = — ie lx smip\/{m + t)(m + t + 1) , 

ft = - (_i) m -*2 cos V V(m - t) (to + t) , 

7j = «e~* x sin ip \J {m — t)(m — t + 1) . 

Then we have a_t = ~ t and /5_t = —A. If rj is a 7r m -eigenvector for A, then we 
have the following recurrence formula for t G I rn . 

(8.1) atcft+i + Pt<k + jtdt-i = . 

If we assume rj is self-conjugate, we have 

os t dt+i ~ Ptd t + ltdt-i = 

where we define d t = for \t\ > m + 1. From (j8.1j) we get ftdj = and 
a t d t+ i + 7td t _i = 0. 

(a) t/> 7^ 0, | case. Since $ is equal to zero if \t\ = m, we have d t — for 
|£| < m — 1. We also have a m _i<i m + 7 m _iG? m -.2 = 0. Then we get d m = by 
a m _i and to — 2 > — to + 1. This shows d t are all equal to zero. This is not 
appropriate. 

(b) ip = case. Then similarly we have d t = for \t\ < to — 1. Since 
7r m -eigenvector space is two dimensional, it is spanned by w± m . This shows 
A = C(T n \^C/_ 1 (2)). 
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(c) ij} — I case. We have only a non-trivial equation a t d t+1 + ^tdt-i — 0. Its 
solution space is two dimensional. We give an explicit solution as follows. The 
proof is straightforward. 

Lemma 8.3. Let m be a half integer in | + Z> and < x < 2n. Consider the 
recurrence equation, 

-ie ix y/(m + t)(m + t + l)d t+1 + ie~ ix y/(m - t){m - t + l)d t -i = 0. 
Then its solution is a linear combination of d t = e l<m ~^ x 2 and d t = 

^_l^m-t e i(m-t) X |~ 2m j | ^ 



Define two 7r m -eigenvectors of C(S77_i(2)) 77™ and rj™- by 



e «(m-t)x 



te/„ 



2m 
m — t 



w 



t 5 



m-t e i{m-t)x 



teir, 



2m 
m — t 



w. 



Since the 7r m -eigenvector space of A is two-dimensional, it is spanned by the above 
vectors. Conversely we consider the right coideal B which is generated by i] m,x 
and rf 71 ^. We want to conclude that B is a right coideal of type T n and hence 
B coincides with A as a result. For the sake of this, it suffices to show that the 
^-eigenvector space of B is trivial for all i G {|, . . . , m — 1}. We prepare the 



cos 



— ie %x 



sin 



%e sin 



cos 



element g e > x of SU(2) defined by g e > x = 

*-homomorphism v g e, x : C(577_i(2)) — > 

/ cos |(7i ie^ x sin |<r 2 
\—ie lx sin |cr 2 cos §<7i 

{v g e, x <S> id) o 5 and we have 



Recall the 



V g e, x {X) V g e, x {U, 



Vg0, x [y) v g e, x (y) 
Define a *-homomorphism p g e, x 



Pg0>x{x) p g e,x{U 
Pg0.x( v ) Pg 9 >x(y) 



cos 7}(Ji<gix+ie %x sin |cr 2 <g)i> cos ^ci^w+^e * x 



sin ^o- 2 ®y 



-ie x sin 2°"2®^+cos |<7i<g)i> -«e x sin 20"2®w + cos ^i^V, 

Lemma 8.4. Lei m be a half integer in \ + Z> . For a// s & I m we have the 
following equalities. 



relr, 



D i(m-r)x 



relr, 



2m 
m — r 

2m 
m — r 



w(7C m ) ryS . 



Proof. Since p g e, x commutes with the lowering operator /, it is enough to show 
those equalities with s = —m. Here it is proved by induction on m. We can 
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easily show p g e, x o (3^ — {id® (3^) o p geQ where z is equal to e**. Moreover we 
have rF% = e™x[3HV-£) and & X = e^(f^). Hence it yields Pg e, x (V-£) = 



e^(id®^) op g9fl (r]™£) and p g e, x (rj 



e im *(id®/3 2 L ) o feo (ff). Hence we 



may assume x is equal to 0. For simplicity of notations we write g , and rf™ 
for g^o, V m '° an( i rf™' , respectively. When m is equal to |, the desired equalities 
are easily obtained. We assume that the desired equalities hold for m. We 
can justify an equality about p g e(r)™^ +1 s) as follows. Making use of the equality 

V-^+i) = x 2 7i™ m + 2x7i™ m v + 7i™ m v 2 , the computation of p g e(x 2 ri™ m ), p g e{2xr\™ m v) 
and p g e{rf^ m v 2 ) is carried out in the following way. 



P g e{x 2 rf^ m ) 



(cos - <S> x — 2 sm - cos -<7 3 (g) xv — sm - ® v 
2 2 2 2 



(cos m^o"! + (— l) m r isinm^o" 2 ) 



2m 
m — r 



E 



cos -(cosm#<7i + (— l) m+ r i sin m9a 2 ) 
z\ 



2m 
m — r — 1 



+ 2 sin - cos -(— sin m9o\ + (—1) r 2 cos m9a 2 ) 

Z Z 



2m 
m — r 



— sin 2 -(cosm^ffi + (— l) m+1 ~ r i sinm9a 2 ) 
z 

<8> X m+1 - r U m+1+r , 



2m 
m — r + 1 



and 







p g e(xi]™ m v) = ^ ( sin - cos -(— sin m9o x + (— l) m+r i cos m9a 2 ) 



2m 
m — r — 1 





+ (cos 2 sin 2 -)(cosm#<7i — {—l) m ~ r i sin m9a 2 ) 

2 2 

9 9 

+ sin - cos -(— sin m9<j\ — {—l) m ~ r i cosm9a 2 ) 



2m 
m — r 
2m 
m — r + 1 



p g e(r] m m v 2 ) = ^2 [ -sin 2 -{cosm9a 1 - {-l) m ~ r isinm9a 2 ) 



2m 
m — r — 1 



9 9 

+ 2 sin - cos -(— sin m9o\ + (— l) m+r i cosm9a 2 ) 

Z Z 



2m 
m — r 



q 

+ cos 2 -(cos m9ai — (— l) m ~ r i sin m9a 2 ) 
z 



2m 
m — r + 1 
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Then we can derive p gg (r)™^ +1 -,) = Er6; ra+ i( cos ( m ^® (— l) m+1 r ism(m + 
® [^+i +2 r ]^ m+1 " r ^ m+1+r where we use the formula \££* r ] = L-7-i] + 
2[^-r] [m-r+J • By induction the assertion about Pge(r]™ m ) is justified. About 
Pgoiv^m) we make use of p g e o f3f = (id®/?/') o p s _ e and 7^ m = i 2m (3[ '(rfH' m ) . □ 

Especially putting 6 = —k (k — 0, . . . , n — 1) and z = e~*^, we get 

p 9 ^ x (C' x ) = (-i)V®C x > 

P^ fcx (^' X ) = (-l)V®^' X - 

Therefore 5 is contained in a C*-algebra C n ' x = {o6 C(5'C/_i(2)) | p„ (a) G 
(C + CiTi) ® Ca for all < < n}. Actually, C n,x is a right coideal because of 
(Pa^ k ® id ) ° 5 = ( id ® 5 ) ° Ps * fc x • 

Lemma 8.5. The following equalities hold. 

^(r^x^.x) = _ ijrti 2m e 2imx i x ^ , 
^i(r? m ' x ,r/ m ' x ) =^i(rT' x ,?r' x ) = 0. 

Proof. We give a proof for only the first one. Others are proved similarly. By 
definition we have ^i{ri m ' x , rT' x ) = EJo'^l.mlrC-iC+r where (C^J r 

is equal to (— l) r v / 2m y/Jr + l)(2m — r). Define complex numbers c±i and Cq 
by \E f 1 (?7 m 'X, r^'X) = c_ 1 w 1 ^ 1 + coIUq + CiicJ. In order to obtain their values we 
use the restriction homomorphism ttj : C(S77_i(2)) — > C(T). In fact we get 
7r T (\I / i(?7 m ' x , ?f™' x ) s ) = z 2s c s for all z G T and 1 < s < 1. First we have 
(8.2) 



2m-l 



^(77™'* tT'*)-i= ]T '(-!) V(r + l)(2m - r)(,r x )m-i-^ 

r=0 

Applying ttj to the both side, we have 



m+r ' 



2m-l 



c_i = v 7 ^ (-l) r ^(r + l)(2m-r) 

r=0 

. ^_^ 2m - r ' e *( r + 1 )x e *(2m-r)x 
2m- 1 



2m 


2 


2m 


r + 1 




2m — r 



r!(2m — 1 — r)! 

r=0 v 7 



= -2 2m " 1 v / 2^e i(2m+1)x . 
If we apply the lowering operator / to ()8.2j) . then we can easily obtain 



2 m 



13) * 1 ( V m ' x ,rr*) = -y/m- l Y,(™-r)(v m ' x )m-rV 



^.x 

-m+r > 



r=0 
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where we use the fact of / • £ p = i 2u+1 ^/ [y — p){y + p + l)£ p +i for a 7r„- 



eigenvector £. Applying irj to (|8.3|) . we obtain Co = —\pm 1 Xlr=o 
r) [ 2 ™] (-l) 2m ~ r = 0. Since we also have 

2m- 1 

vfr^x^,^ = V2^'\-l) V(r + l)(2m - r)(f ^^C^, 
similarly we can derive ci = 2 2m ~ 1 v / 2me*( 2m ~ 1 ) x . □ 



m 



Now we start to prove that I? is a right coideal of type T n . Let n! be a smallest 
odd integer such that the 7r„'- eigenvector space of -B is not trivial. Put ml = \. 

We claim m' > ~. This is because there exist no non-zero complex numbers c_i 
and ci such that c_ia; + ci"U is an element of C m ' x . From the previous lemma, B 

2 2 2 

contains 7Ti-part and it shows B is not of type Dg for some odd I > 3 but of T n i. 
Again by Lemma 18.31 for m', the 7r m > -eigenvector space is spanned by r/ m ,x and 
fj 771 ' In particular, 7}™$ is an element of C n ' x . Since we have for < k < n — 1 

Pg% ktX (V-l#) = (cos^-tt/co-! - (-l) m '- r isin^-7rA;a 2 ) 



gi(m'-r)x 



2m' 
n' — r 



2 



by Lemma f8. 41 — must be equal to 1. Hence the ^-eigenvector space is trivial 
for ^ G {|, . . . , m — 1}. This case is only admitted as type T n . As a result we 
also see that B coincides with C n,x . 

We have proved that a right coideal of type T n (odd n > 3) arises from the 

cyclic group in the maximal torus T or the cyclic group T£ ' . We have to check 
two right coideals C(D n \ S77_i(2)) and C n,x are not S'?7_i(2)-isomorphic. It 
suffices to prove it in the case of x = by considering f3 L . Assume that there 
exists an ST/_i(2)-isomorpbism $ : C(D n \ S77_i(2)) — > C n '°. It induces the 
map between eigenvector spaces defined by = ($(£r))rei M f° r ^-eigenvector 
£. On the eigenvector spaces, i? preserves the inner product, the conjugation 
operation T and moreover the product map Take complex numbers A and fi 
which satisfy ■d{w n !: m ) = Ar/ m + firf 71 . By Lemma l%31 and tyi(w™ m ,w™ m ) = 0, 
we have — iA/iy / m2 2m+1 £ 0, 5 = 0. Hence A = or /x = 0. By using [3 L we 
may assume /i = 0. Now we have d{w v ^ m ) = Xr] m . If we apply the conju- 
gation T to the both side, we obtain i9(w™) = Ar/ m . This shows the range 
of i? onto 7r m -eigenvector space is one-dimensional, however, this is contradic- 
tion. Therefore C(T n \ SU-\(2)) and C n, ° are not S'?7_i(2)-isomorphic. Finally 
we will make a discussion on characterizing a right coideal C n,x by a quantum 
subgroup of S77_i(2). Let us recall a closed subgroup of SU_i(2) which corre- 
sponds to Tn'°, that is, we consider the compact set Z = n^ 1 (T£' ) and define 
C(G Z ) = ■n z {C{SU- 1 {2))). We denote a subgroup G z by (Tf '°) # . The set Z 
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is actually a binary subgroup (Tn' )* and consists of {g « fe | < k < 2n — 1}. 
— o 

Hence C((T,?' ) # ) C © <fc<2n-iM s(fc )(C) where s(/c) = 1 if k = 0, n and s(/c) = 2 

— o 

otherwise. We denote the coproduct of C((T£' )#) by Now we look at the 
equality p 2^(77™) = (— l) k a 1 © 77™ for < A; < 2n — 1 and s G J m . Define a 

— 

self-adjoint unitary in C((1T ) # ) by w = ffi^o,n(-l) fe o"i © 1 © -1. Then the 
above equality is equivalent to (n z © id) o 5(r}™) = w © 77™. Moreover, we have 

5 z (w) © 77™ = (5 Z o n z © id) o <%™) 

= (vr z © vr z © id) o (5 © id)5(r/™) 
= (vr z © tt z © id) o (id <S)5)5(ri™) 
= w © w © 77™. 

Hence we have proved the following proposition. 

— 

Proposition 8.6. A self-adjoint unitary w is a group-like element in C((T£' )#). 



A C*-algebra generated by w becomes a Hopf *-algebra which is isomorphic 

to C(Z 2 ). With this identification we have C n '° = {a e C(ST/_i(2)) \ (u z © id) o 

5(a) E C(Z 2 ) ©Ca}. For general C n,x we also get similar results by using (3^. We 

— 

study all the irreducible representations of (Tn' )# as follows. Let us denote the 

— 

restriction of the fundamental representation to (T„' ) # simply by iu(7ri)|. Then 



we have w(ni)\ = ( nz{ ( x l nz ^\) where we have 



nz(v) 7T Z (y) . 

7T 

TTz(^) = ©fc^0,n COS -fc <7i © 1 © -1, 

n 

7T 

7i~z(w) = ©fe^o.n « sin —k a 2 © © 0, 

77/ 

7T 

7Tz(^) = ©fc^o.n — « sin -A; a 2 © © 0, 

77/ 

71 

Kz{y) = ©fc^O.nCOS-fcai © 1 © -1. 

n 



The unitary representation iu(7ri)| invariantly acts on two lines C£± = C(_y) 
and their one dimensional actions are given by w + and W- with 

/ q e ±i - fc \ 



Hence we have iu(7ri)| = w + © w_. Notice that «;± are the self-conjugate unitary 

representations. This shows the difference from the fusion rules of the ordinary 

cyclic group T 2n . And define the tensor product representations w + - = w + w^ 

and w |_ = w^w + . Then they are self-conjugate and non-equivalent to each 

other, where non-equivalence comes from the non-commutativity of the under- 
— o 

lying space (Tn' )#. If we want to write the McKay diagram, we compute 
w(tti)\ • w + — 1 © -U7_ + and bond the vertices + and — h by a single line. We 

75 




continue these procedures to get all the irreducible representations. As a re- 
sult, they are represented by the reduced words (H 1 — etc.) whose lengths 

are less than or equal to n (Figure [TJ. For length n word, we can easily check 
w = H — • • • — h= — h • • • H — . Hence w sits at the bottom vertex. The fusion 
rules are given by this equality, + 2 = 1, — 2 = 1 and (±) = ±. In the above 
proposition, we get a self-adjoint unitary w. It is the n-th irreducible represen- 
tation H — ■ • • — K Let us denote g = H — and s — +. Then we have s 2 = 1, 

— o 

g n = 1 and sgs = g . This shows that the dual group (Tn' )# is isomorphic to 
— o 

D n , and hence C((T£' )#) = C*{D n ) as the Hopf-algebras. 
(IV) D n (odd n > 3) case. A has the spectral pattern 







k 



n 



+ 



l + (-l] 



VTfc© 



2k + 1 



7T, 



Let B be a right coideal of the integer parts of A. Since B is a right coideal 
of C(S'0_i(3)), it must be a quotient by subgroup of 5'0_i(3) for some angles 
O<0< 2 ^-,O<x<27T and — 7r < ip < rr. Look at the spectral pattern for B 
and we see that B = C(D^' X '^ \ 50_i(3)) We have to clarify its self-conjugate 
7T 2 -eigenvector. 

Lemma 8.7. The following vector is a TT2- eigenvector for C(D^ ,X ^ \ S77_i(2)). 



c 



<i>,x,i> 



\/6 . 2 . i -\/6 . 6 . 2 

— sin ib,te x — sinwcosf ,1 sin w, 

4 2 4 

— ze _iX -^- sin^ cosip, e ~ l2x ~^~ srn2 ^ ) w ( 7r 2) 



Proof. The proof is done as Lemma 
Ad(7Ti(r 12 (x)r 13 (^)r 12 (0)))( J D°' ' ). 



with considering w(tt 2 ) and D n 



</>,x,i> 



□ 



Next we use the following lemma in order to get a 7rn-eigenvector of A, which 



is proved by go 



1 in Lemma f7. 51 and an elementary calculation for w 2 ±l . 
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Lemma 8.8. Let m be a half integer with m G ^ + <^>o- Then we have the 
following equalities for all t G I m . 



^- l( ^- 2 '^ } = 2m~2 V 2m(2m-l) W ™> 



2 ....„, _ 2( m-2t + 2) ( m + t)(m + t-l) , 
2m - 2 V 2m(2m - 1) ' 



* m _ 1 (ti^,<) = -(-i) 



2 , ,„ , ■„,„-/ 2t /3!(m + *)(m-t) : 



(2m - 2) V 2m(2m - 1) 



,2 ~n _ 2(m + 2t + 2) /(rn-tKm-t-O) x 
,1 '^ tj " 2m -2 V 2m(2m-l) ™ m ' 



2 , lW -t 1 4(m+t+l)(m-t)(m-t-l)(m-t-2) m _ x 
' 2 ' ™* } = 2m^2 V 2m(2m-l) ' 



Let us define a t , fit, It, 5t and e t for t G J m by 
\/6 



a t =^j-e i2x sin 2 ^(-l) m ~V 4 ( m -*- 1)(™ + ^ + 2)(m + t + l)(m + t), 

Pt — V6e tx sin t/> cos ip (m — 2t) \/(m + t + 1) (m + t) , 

7* = 2(-l + ^ sin 2 V)(-l) m- V3!(m + t)(m - t) , 

5t = — v^6e~ lx sin ?/> cos ip (m + 2t) \/(m — t + 1) (m — i) , 
\/fi 

e t = - ^-e~ i2x sm 2 ij(-l) m - t ^/4:(m + t-l)(m-t + 2)(m-t+l)(m-t), 

with a m = = S-m- Now we put m = |. Take a self-conjugate 7r m -eigenvector 
7] = Y^tei dt w T °f A. The self-conjugacy means cf_ t = d t . Since the 7r TO _i-part 
of A is zero, we obtain \I/ m _i((^,, 77) = and this is equivalent to the following 
recurrence formula: 

(8.4) a t d t+2 + fitdt+i + 7t^t + S t d t -i + e t d t -2 = 

for t G I m , where we define dt — for \t\ > m + 1 as usual. Making use of 
d-t = df, a_t = £?, A-t = — 5t and 7_ t = 74, where we use (— l) 2 * = —1, we also 
have 

atdt+2 ~ Ptdt+i + ltd t - 8 t dt-i + = . 

From (|8.4|) and this we get 

(8.5) a t dt+2 + ltd t + e t d t - 2 = , 

(8.6) frdt+i + 5 t d t -i = . 
We analyze them as follows. 
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(1) < ip < I case. We want to derive a contradiction to non-triviality of 
r). If we give a number cL m , then by ()8.5j) or ()8.6|) we can inductively determine 
GL m+2 , • • • , d m -i- By the self-conjugacy, we obtain the whole numbers d t . Hence 
r] is uniquely determined by d_ m or d m . Because of non-triviality of solutions 
{dt}t£i m , the determinant of the following matrix must be zero for all t G J m : 

at It £t 

Pt+i s t+1 
(3 t -i St-i, 

Hence we have the equation for t, m and i/j 

(8.7) a t S t -i6 t+1 - pt+ilA-i + A-iA+i^ = 

for t G I m . If we put t — m — 1, then we easily get sin 2 ip = j? m ~g . 

(la) n = 3 case. Then m is equal to | and we have sin 2 ip = —1 < 0. This is a 
contradiction. 

(lb) n > 5 case. If we put t = m — 2(> — m + 1), then we easily get sin 2 ip = 
This is contradiction to sin 2 ib - ''"" _) 



5m 2 -24m+24- 1D 0111 V ~ 5 m - 

Therefore ip must be equal to or ~. 



(2) ^ = case. We have = and 7* = -2(-l) m -*i^/3!(m + t)(m - 1) 
and at = f3t = 5t = St = 0. Then we get dt = for |£| < m — 1. This case A is 
C(D B \5ir_i(2)). 

(3) V = f case. We have = ^ 2x w 2 _ 2 -\w 2 + ^e- i2x w 2 and ft = 5 t = 
and others are 

a t = ^e !2x (-l) m -V4(™ - t - l)(m + t + 2)(m + t + l)(m + t) , 

7t =(-l) m -V3!(m + t)(m-t), 
\/6 



e t = - je- !2x (-l) m -V4(m + t - l)(m - t + 2)(m - t + l)(m - t) . 

Recall vectors rj m,x and ff™'* which are introduced in the previous case T n . We 
easily confirm that they are independent solutions of a t d t+2 + r ytdt+£tdt-2 = 0. Let 
i] = Xor] m ' x + \-\jf n,x be a self-conjugate 7r m -eigenvector of A where Ao and Ai are 
complex numbers. Since the conjugation operation T satisfies Tr] m,x = e~* 2mx r/ m ' x 
and Trj" 1 '* = —e~' l2rnx rf n ' x 1 there exist real numbers Hq and \L\ with Ao = fioe~ mx 
and Ai = i^ie~ imx . The ^-eigenvector ^i(j],T]) must be zero because of the 
absence of 7Ti-part in A. By Lemma \S. 51 we have ^ 1 (r],r]) = 2/ii /ii \/2m2 2m ~ 1 ^ x '^ . 
It shows /i or Hi is equal to zero. Hence the 7r m -eigenvector space of B consists 
of scalar multiples of r] m ' x or rf 71 ^. We can easily check /^ L (?7™' x ) = i~ 2m rf^ ,x for 
all r G I m and hence may assume that the 7r m -eigenvector space of A is spanned 
by r] m ' x if necessary by applying (3f. Moreover we may also assume x = by 
applying where z = . Let B be a right coideal generated by 77™ = T]™'° with 
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all r G I m . Notice that B is contained in C n, ° which is defined in the discussion 
on the type T n . Hence B is of type T n or D n . We want to show B is actually of 
type D n . This is proved by Proposition 18. Ill or the following direct calculation 
which takes us the similar characterization on the right coideal as Proposition 
18.61 In order to study it we have to clarify the type of the right coideal C which 
is the integer part of B. Whether C is of type T n or D n , its ^-multiplicity is one. 
Hence the 7r 2 -eigenvector of C is a scalar multiple of (^'°'^. We show that there 

exists an angle < < — such that C = C(Dn°' 2 \S'0_i(3)). We already know 

o - 

all 7]™ for r G I m are fixed by the rotation of T n ' 2 . It suffices to show r]™r]™ is 
fixed by the rotation of angle n around the axis 7Ti(r 23 (— 0)) ■ cr 3 for any r, s G I m . 
This rotation is obtained by the matrix k^ G SU(2) = Define 
the *-homomorphism p^ = (v k <t> £g> id) o 5. 

Lemma 8.9. For any m G | + Z> and s G I m the following equalities holds, 
p^rf?) =i 2m ( cos 2m< Mi -(-l) m ~ r i sin 2m0a 2 )®(-l) 

relm 



1 

2 

W{li m ) r ,s- 



2m 
m—r 



W(TT, n 



■2m 



2j (cos 2m0ai + (— l) m r i sin 2m0cr 2 ) 



2m 
m — r 



Proof, k^ is equal to r 12 (7r)r 23 (20) = r 12 (7r)g 2<?i ' where g 9,x is a matrix defined in 
the study of T n case. Since we have p k 4> (x) = —ip g -2^,o(x) andp fc </,(t>) = ip g -2<i>,o(v), 

the equalities Pk<t>(v™ m ) = ^Pg^iv^m) an d Pk^iv^m) — ^ 2m Pg^°(V-m) n °ld. By 
Lemma f8. 41 we obtain the desired equalities. □ 

Now we solve the equation for 0; Pk4>{vTvD = 1 ®vTvT f° r a ^ s > ^ ^m- First 
we consider s = t = —m. We focus on the term of x 4m in the both sides. In 
the left hand side, we have i 4m (cos 2m<pa\ — i sin 2m0<r 2 ) 2 <8> x 4m . In the right 
one, we have 1 <S> x 4 . Hence we have z 4m (cos 2m0<7i — i sin 2m0cx 2 ) 2 = 1. It 
yields cos4m0 = —1 and hence must be equal to or Then we obtain 
Pk<t>{f]T) = ±i 2rn+1 o~2 <8> rjf for all s 6 J m with respect to = ^ or It shows 
the desired fixed element property of r}™r\™ by p k <t> for all s,t G J m because of 
^2m+i ^ { — 1 ; 1}. Therefore we have proved S is a right coideal of type D n . Note 
that .B does not depend on the choice of = j- or In summary, a right 
coideal of type _D n is made from the quotient D n \ SU-i(2) or generated by a 
7r m -eigenvector rf 1 . 

As in the previous case of T n (odd n > 3) we can also observe the similar re- 
sults about a group-like unitary. Here we treat only the case x = 0, = 7^, that 

is, Z is ir^ (D£ n ' ' 2 ) in order to avoid similar arguments. Denote the subgroup 

G z by (^' U ' 2 ) # . Now Z consists of {g n fc }o<fc<2n-i U {k^g^} < e < 2n-i- Hence 

7T Q 7T — 27T 

the subgroup (D% n ' ' 2 )# contains (T n ' 2 )#. We call the subsets {g~ h }o<k<2n-i 
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— — 

Figure 2. The McKay diagram for (D% n ' ' 2 ) # , n + 3 nodes 



and {k^g ™ l }o<i<2n-i the cyclic component and the reflective component, re- 

— o — 

spectively. By definition of the restriction map, we have C((Dn n ' >2 )#) C 
©o<fe<2n-iM s(A .)(C) © ©o<£<2n-iM^)(C) where s(k) = 2 except for k — 0, 2 and 
t(£) = 2 except for I = ^f^-. First note the equality k^g 6 = k^^. Then we 
get 

Pk ^ g e{rC) = i 2m ^(-sinm#ai-(-l) m - r icosm#o- 2 )®(-l) 

Hence it immediately derives p^^uirj 1 ^ 1 ) = 2 2m+1 (— l) fc+1 o- 2 © r\™ for < k < 
n — 1. Define a self-adjoint unitary w = w © ©^ n-i^n-i (— l) m i 2m+1 q- 9 © 1 © —1 
where w is a self-adjoint group-like unitary defined in the previous T n case. 

Proposition 8.10. A self-adjoint unitary w is a group-like element in 

— — 

C((^"" 2 )#)- 

Let C(Z 2 ) be a Hopf *-subalgebra C + Cw in C((L#' 0,i )#)■ Then we get 5 = 

{a G C(SC/_i(2)) | (tt z © id) o 5(a) G C7(Z 2 ) © Ca}. We study all the irreducible 

— o — — o — 

representations of (A 2 ™' ' 2 )#. The McKay diagram of (A 2 ™' ' 2 )# C Si7_i(2) 

about 7Ti is shown in Figure 121 In Figure Tq 1- is the trivial representation 

2 — o - 

and Ti is the restriction of w(7ri) to Z?n"' ' 2 • We study where the above group- 

~ — o — 

like unitary w sits. The restriction of w[tti) to (D£ n ' ' 2 )# is denoted simply by 

w(tti)\. For the 7ri -module W\ we use an orthonormal basis £± = C(_yV Then 

we obtain tt?(7ri) ) = £,±®w± for the cyclic component and w(tti)\-£± = £ T ©f± 

for the the reflective component, where w± have been already defined in the 

previous T n case and 

v± = 3n-i ^ — i cos ^0 H — tj o~i±i sin ^0 H — <r 2 J © ±i © =R. 

Hence = —v± and u^. = —1. Let us consider the tensor product W\ © W\. 
Its irreducible submodules are Wf = C(£+ © T £- ® £-) and H/ 2 = C£+ © 
+ C£_ © £ + which give Tg and r 2 , respectively. Hence for Tq~, the cyclic 
component acts trivially and the reflective component acts as the multiplication 

80 



2m 
m — r 



of —1. Proceeding tensor products and decompositions, we get the Tj-module 
Wj = C£+ © £_ © ■ ■ ■ £_ © i + + C£_ © © • • • © £_ for 1 < j < n - 1, where 
the length of the words £± is j. The cyclic component acts on Wj as the direct 
sum module of w + W- ■ ■ -W-W + and W-W + ■ ■ -w + W-. The reflective component 
acts there v + V- ■ ■ ■ V-V + and V-V + ■ ■ ■ v + V-. When j is odd, we have 

v±v T ■ ■ ■ v T v± = ffi^ n-i ; 3n-i i j ^ — cos j (j)+—£j <7i±sin j (j) + —£j er 2 ^ ©±2©=p. 



Finally considering the tensor products module W\ © W n -i, we get its one- 
dimensional submodules = C(£± © £ T © • • • £ T © £± ± i£ T © £± © • • • £± © £ T ). 

— o — 

We investigate the action of (Dn n ' ' 2 )# on them. The cyclic component 
acts by w + W----W-W + = w. Since we have the equality v±v T ■ ■ ■ v T v ± = 
(B k -in-i 3n-i i n (—l) k (—l) ±1+1 a<>. © ±i © =p, the reflection component acts on W 7 



± 

n 



by © fc ^r^ 3r^ii n+1 (— l) fc (— l) ±1 2 +1 o- 2 ©±l©=Fl. Hence the self-adjoint group-like 
unitary w is the unitary representation on W+- Especially we get r, 



± = r ± Rc- 
call the classical q — 1 case Z)* C SU(2). Then it has the same McKay diagram, 
however, we know = This shows the difference of the representation 
theory of (D^' ' 1 ) # C S77_i(2) and £); C 517(2). 

We have classified all the right coideals of type D n (odd n > 3). They are 
C(D n \ S77_i(2)) or C*(i] m ) up to conjugacy by the maximal torus action /3 L , 
where C*(r] m ) is a right coideal generated by 77™ for all r £ I m . Finally we end 
this section with the following result. 

Proposition 8.11. As SU-^-covariant systems, C(D n \SU^(2)) andC*(rj m ) 
are isomorphic. 



Proof. Let g be a matrix in SU(2) r 13 (|) = 



V2' 1 V2~ V 



Recall the 



; -" 5 -V2' 1 s/2 \ 
1 Sf/_ 1 (2)-homomorphismp 9 = (i; 9 ©id)o<5 : C(5C/_ 1 (2)) — > l(C 2 j©C(5f/_i(2)). 

. Then we obtain 



v n satisfies < V ° {x) < u) 



V2 Vi ->/2 V 2 

— G"2 \[2 0~\ 



Vg(w(lX m )- m)r ) =V / 2 ^(-l) 



m+r 



,{w{Km) m , r ) = V2 ^(-l) 



t'. 



2m 
m — r 

2m 
m — r 



m—r —m+r 



'1 



'2 5 



m—r m+r 
r 2 °1 



for all r E I m . We also have the equality 



iim+r m-r,m+r , / i\m-r m-r m+r 
-IJ CTj (7 2 + (-1) (7 2 CTi 
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l) 2r >2-<Xl) 



for all r G I m . Then we have 



p g (x n + V n ) = p g (w('Km)-m,-m + w{jl m ) m - m ) 

= ^2 ( V g( W ( n rn)-m,r) + Vg(w(n m )m,r)) ® w{v: m ) r . 



rein 



2m 
m — r 



a -i \m+r _m— r_m+r . / -\\m—rvn—rrn-\-r\ 
-1) ^ ct 2 +(-1) a 2 a 1 ) 

® tw(7T m ) r> _ m 
l 

2 

(cr 2 - <Ti) ® W(-K m ) r m 



2m 
m — r 



-y/2 



-2m 



{a 2 - <Tl) <g> IJi 



Let us define the self-adjoint unitary v = \[2 (cr 2 — Then we have 

Pg(w(7T m )_ ms + w(ir m ) m!S ) = — v2 i/ (g> 77™ for all s G J m . Hence we get 
p J ,(C7(D n \5LLi(2))) C d*(z/)®C*(r] m ). Take a *-homomorphism : C*(z/) — > C 
and we have an S'LL 1 (2)-homomorphisrn (u <S> id) o p g : C(D n \ SU -i(2)) — > 
C*(i] m ). This is clearly surjective and the injectivity follows from Remark 14.231 

□ 



9. Appendix 

We list all the connected graphs of norm 2 from Figure H3 to Figure and the 
spectral patterns of ergodic systems which sit at the vertex of 1 (the entry of the 
Perron- Frobenius vector). Because we need not to specify the detailed pattern of 
type A' m in our classification program, we do not list it in the A' m case. 



COD 
l 



Figure 3. 1 
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Figure 4. T m , m nodes 
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Figure 6. SU{2) 




Figure 7. D* (n > 2), n + 3 nodes 




Figure 8. D* 
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Figure 9. Al 



o o o o o o 

1 2 3 4 3 2 

O 2 



-O 
1 



Figure 10. S* A 




Figure 11. A% 




Figure 12. D x 




Figure 13. D n (odd n > 3), (n + 3)/2 nodes 
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Figure 14. A' m , (m > 3) nodes 



Figure 15. A'^ 



1 ® ue i{2v + l)n u , 

T n (even n > 2) e fe6 z> (1 + 2 [f ] )vr fc , 

T B (oddn>3) © fc6Z ^ o (l + 2[g)7r Jfc ©© Jfc6Zso 2[3^±l]7r fc+ i, 

SU(2) vro, 

^ (m>2) ©^(i^+fA])^ 

D*^ ©fceZ> 7T2fc, 

7T © 7T 3 © 7T 4 © 27T 6 © 7T 7 © • • • , 
S* 4 7T © 7T 4 © 7T 6 © 7T 8 © 7T 9 © TTio © • • • , 

7T © 7T 6 © 7T 10 © 7T 12 © • • • , 

A, (oddn> 1) © fc6 ^ o (l±(^ + [±]) fffc ©© ([2*±i] _ [k}) nk+ 
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